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Staged Computation

Staged computation allows programmers to
generate code in a structured and type/scope-safe
m a n n e r [Calcango et al. 2003, Taha et al. 2023]

Applications to
« Compile-time optimization
* Metaprogramming (e.g., procedural macros)



Quasi-quotation to generate code

compile-time stage| Llet x: int code = ‘(1 + vy)
run-time stage in ‘(2 * Sx)
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Quasi-quotation to generate code

compile-time stage
run-time stage

Quote generates

code fragment

let x: int code = ‘(1 + y)
in ‘(2 * Sx)
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Quasi-quotation to generate code

compile-time stage
run-time stage

Quote generates

type of code that
code fragment

evaluates to int value

let x: int code = ‘(1 + vy)
in ‘(2 * Sx)
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Quasi-quotation to generate code

compile-time stage
run-time stage

type of code that Quote generates

evaluates to int value code fragment

let x: int code = ‘(1 + vy)
in ¢ (2 * $§)

Unquote embeds

code fragment
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Quasi-quotation to generate code

compile-time stage
run-time stage

Quote generates

type of code that
code fragment

evaluates to int value

let x: int code = ‘(1 + vy)

in ‘(2 * Sx)
)
S (2 % $9(1 + y)) code fragment
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Quasi-quotation to generate code

compile-time stage
run-time stage

Quote generates

type of code that
code fragment

evaluates to int value

let x: int code = ‘(1 + vy)

in ‘(2 * Sx)
)
S (2 % $9(1 + y)) code fragment

= ‘(2 % (1 +y))
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Type check against quasi-quote

to reject programs that generate ill-typed code

let x: 1nt code = ‘(1 + vy)
in ‘(2 * Sx)

let x: str code = ¢ (“hello”)
in ‘(2 * Sx)

let x: 1nt code = ‘(1 + vy)
in “(y(2) * $x)
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Type check against quasi-quote

to reject programs that generate ill-typed code
let x: 1nt code = ‘(1 +
. ( y)
in ‘(2 * Sx)

x let x: str code = ‘(“hello”)

in ‘(2 * SX) expected int code,
but got str code
let x: int code = ‘(1 + vy)
in “(y(2) * $x)
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Type check against quasi-quote

to reject programs that generate ill-typed code
le’F X: int code = ‘(1 + vy)

in ‘(2 * Sx)
x let x: str code = ¢ (“hello”)

in ‘(2 * SX) expected int code,
but got str code

x let x: int code = ‘(1 + y)
in C(y(2) * $%) \

\ No appropriate type 'FOP y
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Two ways to manage typing contexts of code

Implicit-context style pavies 190

y:int (1 + y): int code

maintained in typing judgment

« Applications to real staged

programming languages
[MetaOCaml][Typed Template Haskell][Scala 3
Macros]
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Two ways to manage typing contexts of code

|mp|iCit-COnteXt Style[DaVies1996] EXpliCit-COnteXt Style[Nanevski et al. 2008]

y:int + (1 + y): int code Fy:int>(1 + y): [int]int code

maintained in typing judgment maintained in code types

« Applications to real staged  Type safety for mutable reference
programming languages cells & run-time evaluation
[MetaOCaml][Typed Template Haskell][Scala 3 [Rhiger 2012][Kiselyov 2017]

Macros]

 Applications to proof assistants
[Pientka et al. 2010]
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Explicit-context style is inflexible

Implicit-context style

int code

Explicit-context style

- ]int code
‘int]int code
int,str-int]int code
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Issue: Inflexible code types

Implicit-context style

int code

Explicit-context style Solution Idea:

I ]j_nt code Abstraction over contexts
Vv.([y]int code)

‘int]int code
int,str-int]int code

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts



Our Contributions

1. Typed lambda calculus Ay with polymorphic contexts
« Extension of contextual modal type theory

2. Proofs of basic properties of Ay
« Subject Reduction, Strong Normalization and Confluence

3. Type-preserving translation from A0 to Ay,

Translate

Contextual Modal | Extend

}\ Contribution 3 }\,Q
Type Theory | ) V(] CE——

[Nanevski et al. 2008] Contribution 1,2 [Davies 1996]

Explicit-context style Implicit-context style
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Outline

Fitch-style variant of

contextual modal type theory
[Nanevski et al. 2008]

* Introduction
* Ay : Simple Fitch-style contextual modal type theory

* Ayqy - Polymorphic contexts extension
» Translation from A0 to Ay
» Related work & Conclusion
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Quotes and Contextual Modal Types in A

Typing context of the code

‘<frintsint, x:int>('F(1)+X)
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Quotes and Contextual Modal Types in A

Typing context of the code

bind

— 1 /=

‘<frintsint, x:int>('F(1)+X)
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Quotes and Contextual Modal Types in A

Typing context of the code

bind

— 1 /=

‘<frintsint, x:int>('F(1)+X)

I I a-equivalent

‘<g:int>int, y:int>(g(1)+y)
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Quotes and Contextual Modal Types in A

Typing context of the code

bind
‘<frintsint, x:int>('F(1)+X)
I I a-equivalent :‘[int—>int, int+ int ]'

r<g:int—>int, y:int>(g(1)+y) Y

code type with context
(Contextual Modal Type)

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts



Quotes and Contextual Modal Types in A

Typing context of the code

bind
— | m Type of the
¢ . . . A
<f:int-int, x:int> 'F 1)+X whnole expr
( ( ) ) ° ° ° °
| | a-equivalent :[int»int,intF int]
\ ]

1

code type with context
(Contextual Modal Type)

‘<g:int>int, y:int>(g(1)+y)
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Quotes and Contextual Modal Types in A

Typing context of the code

bind

rall N N Context of the code  Type of the

€ cf-intoint C x:ints ( - ( 1 ) +X) (without variatl)le names) whole expr

I I a-equivalent :‘['int—>int, int F int ]'
‘<g:int—>int, y:int>(g(1)+y) '

code type with context
(Contextual Modal Type)
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Unquote in Aj supplies definitions for variables

code of

[int,int Fint]

$(h)

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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Unquote in A;; supplies definitions for variables

code of

[int,int Fint]

$(x/)[§, 1+y ]

definitions of each

free variables
(explicit substitution)

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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Unquote in A;; supplies definitions for variables

. Example
[int,int Fint]
/ $(“<x,z:int>(X+z))[2,1+y]

$(X)[§, 1+y]

definitions of each

free variables
(explicit substitution)
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Unquote in A;; supplies definitions for variables

. Example
[int,int Fint] —7— |, N N
/ $(“<x,z:int>(X+z))[2,1+y]

$(X)[§, 1+y]

definitions of each

free variables
(explicit substitution)
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Unquote in A;; supplies definitions for variables

. Example
[int,int Fint] —7— |, N N
/ $(“<x,z:int>(X+z))[2,1+y]

= (x+2)[x=2,z=1+y]

$(X)[§, 1+y]

definitions of each

free variables
(explicit substitution)
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Unquote in A;; supplies definitions for variables

code of Example
[int,intFint] 77— N N
/ $( “<x,z:int>(x+z2))[2,1+y]

= (x+2)[x=2,z=1+y]

$(X)[§, 1+y]

definitions of each = 2+(1+y)

free variables
(explicit substitution)

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 1 O



Example: Sum generation

Definition

(in implicit-context style)
gen-sum ‘“(w) (3 * w)
= (W + 3 * w)

let gen-sum x y: [intFint]>[inttFint]->[inttint] =

‘Kz:int>($x[z] + $y[z])

Evaluation example

gen-sum ‘<wl:int>(wl) ‘<w2:int>(3*w2)
= ‘Kz:int>($(<wl:int>(wl))[z] + $(<w2:int>(3*w2))[z])

= <z:int>(z+3*z)

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 1 1




(in implicit-context style)

Example: Sum generation |gen-sum <(w) (3 * )
= (W + 3 * w)

Definition
let gen-sum x y: [intFint]>[inttFint]->[inttint] =
‘Kz:int>($x[z] + $y[z])

Evaluation example

gen-sum ‘<wl:int>(wl) ‘<w2:int>(3*w2)
= ‘Kz:int>($(‘<wl:int>(wl))[z] + $(<w2:int>(3*w2))[z])
= <z:int>(z+3*z)
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(in implicit-context style)

Example: Sum generation [gen-sum “(w) (3 * w)
= ‘(w + 3 * w)

Definition
let gen-sum x y: [int&int]»[intFint]->[intFint] =
‘<z:int>($x[z] + $y[z]) Issue: context of argument
code needs to be single
Evaluation example variable with int type

gen-sum ‘<wl:int>(wl) ‘<w2:int>(3*w2)
= ‘Kz:int>($(<wl:int>(wl))[z] + $(<w2:int>(3*w2))[z])
= ‘<z:int>(z+3*2z)
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Outline

* Introduction
* Ay : Simple Fitch-style contextual modal type theory

* Ayp - Polymorphic contexts extension

 Extension to types

 Extension to terms

« Example: polymorphic gen-sum
« Semantics

» Translation from A0 to Ay
* Related work & Conclusion
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Context variables to abstract context
F int]

In A, int} int]

str-int,int} int]

\ 4

In AV[] VV.[Vl‘lnt]
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Context variables to abstract context
F int]

In A, int} int]

ctr->int,int | int]

Context variable

(= sequence of types) ‘
In AV[] Vv. Y |‘1nt]
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Context variables to abstract context
F int]

In A, int} int]

ctr->int,int | int]

Context variable

(= sequence of types) ‘
In AV[] Vv. Y |‘1nt]

Polymorphic

context type
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Context variables to abstract context
F int]

In A, int} int]

ctr->int,int | int]

Context variable

(= sequence of types) ‘
In AV[] Vv. Y |‘1nt]

Polymorphic Context abstraction /\y M /

context type Context application M&C — RN s
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Series variables to abstract variables

< >(.)
“x:int>(..)

In 7\[]

‘Kx:str-int,y:int>(..)

$

In Ay Ay. <@:y>(..)
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Series variables to abstract variables

‘< >(.)
In A “x:int>(..)
‘Kx:str-int,y:int>(..)
In Ayp Ay. <z:y>(..)

7. Series variable

(= sequence of variables)
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Series variables to abstract variables

In }\[]

In AV[]

‘< >(.)
“x:int>(..)
‘Kx:str-int,y:int>(..)

‘ Abstract a part of
contexts in quote
: > ( [ X N ] )

7. Series variable

Ay. <

(= sequence of variables)

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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Series variables as explicit substitutions

code of [y Fint]

Rz y>($x[&])

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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Series variables as explicit substitutions

code of [y Fint]

zZ:yv>($x[z])

z. as explicit substitution

for free variables of x

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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Series variables as explicit substitutions

Example

$(“<z:v>($x[z])) [V]

code of [y Fint]

zZ:yv>($x[z])

z. as explicit substitution

for free variables of x

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts



Series variables as explicit substitutions

code of [y Fint] Example
e LN
$( “<z:v>($x[z]))[V]

zZ:yv>($x[z])

z. as explicit substitution

for free variables of x
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Series variables as explicit substitutions

code of [y Fint]

= ($x[z])[z=Y]

z. as explicit substitution

for free variables of x

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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Series variables as explicit substitutions

code of [y Fint] Example
e LN
$( “<z:v>($x[z]))[V]

zZ:yv>($x[z])
= ($x[z])[z=y]

z. as explicit substitution

for free variables of x

= $x[y]

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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_ (in implicit-context style)
POIymOrph|C gen-sum gen-sum “(w) (3 * w)
= ‘(W + 3 * w)

Monomorphic

let gen-sum x y: [intFint]=[intFint]->[intFint] =
‘z:int>($x[z] + %$y[z])

Polymorphic ‘

let poly-gen-sum y x y: Vy.[yFint]>[yFint]>[yFint] =
“<z:y>($x[z] + $y[z])

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 1 6



Context substitution destructs series vars

(Ay . Axlyrintlecyint,z:y>(y + $x[z]))<(int,int)

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 1 7



Context substitution destructs series vars

Context Abstraction Context Application

(Ay . Axlyrintlecyint,z:y>(y + $x[z]))&(int,int)
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Context substitution destructs series vars

Context Abstraction Context Application

(Ay . Axlyrintlecyint,z:y>(y + $x[z]))&(int,int)

= (Axlvrintlecyint,z:y>(y + $x[z]))[y:==1int,int]
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Context substitution destructs series vars

Context Abstraction Context Application

(Ay . Axlyrintlecyint,z:y>(y + $x[z]))&(int,int)

- -~ —~~
= (Axlvrintlecyint,z:y>(y + $x[z]))[y:==1int,int]
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Context substitution destructs series vars

Context Abstraction Context Application

(Ay . Axlyrintlecyint,z:y>(y + $x[z]))&(int,int)

- -~ —~~
= (Axlvrintlecyint,z:y>(y + $x[z]))[y:=1int,int]
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Context substitution destructs series vars

Context Abstraction Context Application

(Ay . Axlyrintlecyint,z:y>(y + $x[z]))&(int,int)

- - —~~
= (Axlvrintlecyint,z:y>(y + $x[z]))[y:==1int,int]

z destructs to fresh vars \
a, b

= Axlint.intkintlecy - int, giint,b:int>(y + $x[a,b])

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 1 7



Typing Judgment and 3-reduction

Level-1 context

Typing judgment
: (compile-time stage)
(Fitch-style [ciouston 2019]) -
. Fz, 0 ,F Level-0 context
(run-time stage)
B-reduction M —-g N
(AxA.M)N —g M[x = N],
$(*(m (M) (6]~ MIF = 0],

(Ay.M) & C —»g M[y = C]
13
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Basic Properties

Theorem (Subject Reduction)
tr +M:AandM —-g N, then I' FN : A

Theorem (Strong Normalization)
fI' FM : A, then M is strongly normalizing

Proof by Girard’s

Theorem (Confluence) reducibility candidate
fr +M: A, M —g Nyand M - N, , technique
theﬂ HNB.N]_ _)E N3 and NZ _)E N3

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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Outline

* Introduction
* Ay : Simple Fitch-style contextual modal type theory

* Aypj - Polymorphic contexts extension

» Translation from 20 to 4y,

* Motivation
* Basic idea
« Formal Properties

e Related work & Conclusion

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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Why translation from 1O pavies 1996 matters

Minimal f lati f
A can be translated to Avp) INIMatTOFMUIAtion O

Implicit-context style

‘ calculi

Ayp has (at least) minimum capability for staged computation

Because

1O provides basis for practical staged programming languages

* MetaOCaml [Kiselyov 2014]
« Typed Template Haskell [Xie et al. 2022]
» Scala 3 macros [Stucki et al. 2021]

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 2 1



ldea: Recover context

In 2O (Implicit-context style)

y:int (1 + y): int code

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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ldea: Recover context

In 2O (Implicit-context style)

y:int (1 + y): int code®

Goal:

Recover context

- Fint] ¢f
intFint] &

int,strkint] £

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 2 2



ldea: Recover context

In 2O (Implicit-context style)

y:int (1 + y): int code®

Method: Use context

of the judgment

Goal:

Recover context

Fint]

intFint] "

int,str 1nt]

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 2 2



Translation examples

In 2O (Implicit-context style) In Ay (Explicit-context style)

y:int

(1 + y): int code ® ~ e (1 + y) s [Antkint]

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 2 3



Translation examples

In 2O (Implicit-context style) In Ay (Explicit-context style)

y:int

(1 + y): int code ® ~ e (1 + y) s [Antkint]

X:1int code, y:int B X:[intFint], y:int
F$x: int F $x[é@]: int

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 2 3



Translation examples

In 2O (Implicit-context style) In Ay (Explicit-context style)

y:int

- (1 + y): int code ® ~qyine (14 y)iAnt Fint]

B X:[intFint], y:int
F $x[y]l: int

recover explicit

X:1int code, y:int
F$x: int

substitutions from

typing contexts

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 2 3



Challenge: Mismatching Context

empty context

- Axinticode ¢(Jet y = 1 in $Xx):int code-»int code

Context extend

withy:int

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 2 4



Challenge: Mismatching Context

empty context

- Axinticode ¢(Jet y = 1 in $Xx):int code-»int code

! !

F AxERnt] ¢ (let y = 1 in $(x)[y]):[ Fint]->[ Fint]

Context extend

withy:int

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 2 4



Challenge: Mismatching Context

empty context

- Axinticode ¢(Jet y = 1 in $Xx):int code-»int code
1 Error: unnecessary
explicit subsitution

F AxERnt] ¢ (let y = 1 in $(x)[y]):[ Fint]->[ Fint]

Context extend

withy:int
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Challenge: Mismatching Context

empty context

- Axinticode ¢(Jet y = 1 in $Xx):int code-»int code
1 Error: unnecessary
explicit subsitution

F AxERnt] ¢ (let y = 1 in $(x)[y]):[ Fint]->[ Fint]

Context extend

withy:int

Solution: Use polymorphic contexts for extended contexts
- Ax¥y-lvkint] < $(xeint)[y]):(Vy.[yFint])~>[ Fint]
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Challenge: Mismatching Context

empty context

- Axinticode ¢(Jet y = 1 in $Xx):int code-»int code
1 Error: unnecessary
explicit subsitution

F AxERnt] ¢ (let y = 1 in $(x)[y]):[ Fint]->[ Fint]

Context extend

withy:int

Solution: Use polymorphic contexts for extended contexts
- Ax¥y-lvkint] < $(xeint)[y]):(Vy.[yHFint])~>[ Fint]
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Translation I1s sound

Theorem (Soundness of translation)

(Types like int code code does not appear) typing contexts of AO

/ We consider two-level fragment of A0 Auxiliary object for translating
fI'° oy M°: A° holdsin AO and T'° w» F,/

Translation of terms and types using [

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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Outline

* Introduction
* A : Simple Fitch-style contextual modal type theory

* Aypp - Polymorphic contexts extension
» Translation from 20 to Ay,
 Related work & Conclusion

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts
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Related work

* Original CMTT [Nanevski et al. 2008]

* Formalization in dual-context Style [Pfenning and Davies 2001, Davies and Pfenning 2001, Kavvos
2017]

« Syntax: Quote + Meta-variable

* Ay and Ay are formalized in Fitch-style (or Kripke-style) vartini and masini 1996,
Davies and Pfenning 2001, Clouston 2019]

« Both CMTT are extension of S4 modal calculi

* Prior work on polymorphic contexts tpienta and bunfieid 2008, Puech 2016]

* Ayp allows multiple occurrences of context variables in a context (which
prior proposals do not) e.g., [y,6 Fint]
» Essential for translation from 2O



Conclusion

» We proposed Ay, @ contextual modal type theory with
polymorphic contexts

- We proved basic properties Ayy

» Type-preserving translation from A0 to Ay

* Ayp Is capable of applications to staged computation
« and polymorphic context is essential to the translation



Appendix



Future direction

* Algebraic effects and handlers zyuzn20217, analytic metaprogramming

[Parreaux et al. 2018]

 Improve verbose syntax

« Approach 1: Inference algorithm
« Approach 2: Try other representation of contexts e.g., refined environment
classifiers (kiselyov et al. 2017]

« Extension to labelled context, e.g., [a: int, b: int]

* label should be different from variables
* Need to manage freshness condition, e.g, a#y



Q: Subtyping for translation?

A: We cannot use subtyping [rniger 20121 10 extend contexts for function
of code

[intF int] » [int} int]
 fails Ny

[int,str} int] » [int,str| int]

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 3 1



Translation from Ayp; to System F

Contexts in Ay implicitly assumes monoid structure,
which makes it difficult to translate from Ay to System F

y=int,str

7\V[] Vy.[v,intk int] — [int,str,int} int]

Translate l Translate l

v ) (int, (str, (int,())))~-int
System F V. (v, (int, ~>int 1
v:(int,(gtM}‘ ((int,str,()), (int,()))~int



Translation from AO does not preserve
reduction steps

The proposed translation does not preserve semantics naively.

}\O (?\m))y S N $(y)

Translate l Translate l

v =
(}\)(va-[v,int,intl—int]. $( <y.1nt>(y ))[Y])
P H

}\’V[] $(‘<x,y:int>(x<: ) ))[X)y])—P
y $(‘<x,y:int>(x<: ) ))[ny]

33
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Extension with polymorphic types

We can consider several steps of extensions

Step 1: Polymorphic Type Va.[intF a]
" Step 2: Type vars in contextual Sk
Modal Types [(X. » Intr (1]
[_ Step 3: Code of type A - $B[C]

See: [Jang et al. 2022]



Scope-extrusion with mutable reference cells
Example: Extension with mutable reference cells

y is defined in this scope
let r = ref " (1) in

“(Ay:int. L (r o= T (y)s (1)));

B~ =
(* evaluates to " (y) *) y is NOT defined in this scope

Murase et al. Contextual Modal Type Theory with Polymorphic Contexts 3 5
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