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FEBRIA R (proof system) DV & DT d % BIRERE (natural deduction) IZ& > T, Coq TEHNT
WA ERE (D—#5) DAL (Rla1fk) 217 5.
o FEBHAR (proof system):
—  T(CEIWr - D) GEHTE 2 21380V 2 e [REHMED - L eiEEs no 2L
W] ZFEZDZODEE

— FERE R
« A - CHWr o (B AM) &%
« Hitt GEHZERMLL 28 D) DEHE

— HBARERE, Y7V REHE, BV NRABR, RED [RE] D& D RS

o HARVHH# (natural deduction):

— 7Y =¥ (Gerhard Gentzen, 1909-1945) (2 & > TE S NZZERRR D (WD) O & D
— ANHOHGmEREZ HRICERIT 2 2 LA HL
— HHOERIHEOND B DG Z IR FEABH & BRESA ()

2T, mEOMKRESE GREBIEE T (logical connective) £\ D) L UT TRLIX (->)] ZiT%
Z AL 50T, Induction.v F TOWNATHEDLNDFHEL (272, A3 D Logic of
Computable Functions & FEIENZARRIZHY T D) ICHEET D, I 61T, (D] TE21E) T~%
ETELOVNEET D] Loz, TOMOMEMES PRI TITHRET 5.1

Coq DiBAR = &, ZDOERTEAY L mMIZBEHERMIE (intuitionistic logic) £ FFIEND
EDT, MEDE®EZ (/%K 79)1/0 THEZX 5525 Ol (Z Nz BRI (classical logic) &
IER) IFRZDZEDTHD.

"ZOERFETIE, £ o) TEAE 0ol TRLIE) PADOHRIEME T2 ZA L - aERIE (propositional

logic) # R U, ERD~] [HB~IZDWT] LWo -8k T 2B AL ZBFERIE (predicate logic), HRBIZDWTOMR
HMEL T d DM (arithmetic) NERXIZATEED DA, ZITIE, EIV— 25,




1 (Fﬁbmjh%Té) Ef T &HmE
1.1 #pRE, XA

ZWETOD Coq DIEHETHFE>7~EIE, n + 2 =3 n*m=mx*n &>, SEDO2DX%
FSTHRAELDER/NDREA L LT, TNH%E -> TORWEY, @&l forall 22137209
58T, VEMLmEZERL T

M TIX (RS D) TEAIE Lol m#%Z DRI TEY KERamE%E ME2 ks
ABTFICEHT S0, BuNOE (I e RFEE (atomic proposition)) L L TCEABEDEE RS
P DV TIFRHAE R T B2, 2D, UMTFUIKSL L, FHemEe UTIEHIZ A B, C &
E(IN% pBEE (propositional variable) £\ND) BRHd I e L, i@z dass LTIk
p &S,

9, AN 256 omBEICES T2 @mE e XROEHRE RT.

H ({RE#) € {H1,H2,IH,...}
g K@@ € {ABC,...}
P,Q (&) =p
| P->Q
I (k) = e
| I',H:P

o MEIXFFMEEZ [B5IE) 28KTS > TORVWEEDTHS. > FAKETHL. 2F
YV, A->B->CIZA->(B->C) 2EkTD. £/2, (A->B)->C ZA->B->C &ML TlEAW»
YEAAR

o XJRiZ H : P WO EDOHTHY, P W (%HT H CT)REINTVDEIE2RLTWS.
HDIRED#ATIZMHR R 5.

o MR T IZHNDREDHETDESL % dom(T) LEL. HIRIX, T 2% e HL : A->B,H2 : A D
K, dom(T) = {H1,H2} TH 5.

o XRDIEED o (&, THUIHES AV 7)) IFAEMTSH. DEY, o H1 : A->B H2 : AL HL : A—>
B,H2 : A LKL T 5.

o Z L DHEMETIE, XRITH T DHHRABAEDHART ( TH:J DY) 2EMET D0, ZIZTlE
Coq DEEITEDIF TV S

1.2 HIrEBHHEE

BARAS AXGHRAET, BAUBER T - M T 282> TERL 20 LRI, TR T
DY ETHE P BHILTD] LW0WD ZE2RTEER T E P (ZHeHIBT (judgment) & HITR) 2 H
HIZffi>TEHRTD.

HAREREDR L, MEOMKER ( (251X, ®2Ell, F5)0L2I2E, ThhkimIZH
N2 HA BAIRA (introduction rule) LR, UIXUIEEIAIAIZ T (introduction DYEASCT) % DY



%), HiHRIZENDHH] (BRERA (elimination rule) & IFS. bliblifﬁﬁﬂ%ﬂ: E (elimination (D¥H
XF) &DITB)NEZ6ND L IAIIHD. BABANE, WEKEGTICL > THEI NS @B
Y SRR EZRUTEY, BRERINIZZOMEZ HFERE b’C TIN5 EARKEGRANE T
L2 RrUTWVD.

(H:Pel)

- (ASSUMPTION)
'-P
I H:P+Q H¢dom(T) (D)
->
T'EP->Q
T-P->Q TFP

(->E)

r-aQ

AsSUMPTION BANFE A BRI TEREBATE Z2ORFRAHANIT, IR THRE X Nz drd ik
THIELERUTWS. >THANE, T2561F] OBEABHITHS. (UKEINZ T IZMAT) P
ZARE L 72 XHRT Q 23T 2 DTHAUE (FHAIDRFIEE), [P -> Q) KL TWd & LT LW (B
RO ER), tfiﬁzfci?é SE AN, TR 51X OREBAITHS. P->Q & P B HIZHILT
2DTHNIZE, RFEE LT Q PHILTVWHELTINWIEEZRLTWS,

1.3 HErOEHHA
1. Il = A->B->A OEH:

ASSUMPTION
->1
->1

Hi:AH2:BF A
Hi:AFB->A
FA->B->A

2. HIWF + (A->B->C)->(A->B)->(A->C) DEH:

TFa>B>c M I‘I—A_A>S]g4 TFa—>p M ]_‘I—A_A>S]§/I
'-B->C I'-B
->E
TFC o1
H1:A->B->C,H2:A->BF A->C o1
H1:A->B->CH (A->B)->(A->C) I
->

FH(A->B->C)->(A->B)->(A->C)

727ZUT & HL:A->B->C,H2: A->B,H3: A 9§ 5. ASSUMPTION (X AsMm LU TW\5.
F/ZA->B->CIFEA->B->C)DILTHDILIHE



2 BHBNSASEFEICEY HRIE

(72 561F] OB 2HERL T, 72UV Induction.v £ TTH - ZHFPFIZMHY T 2 mEARE 5
Z5. ZIZTORFEFaEE, B S AXHEDEZME>T My =My EWHETEZ NS, [FH
ez, a2z 8Ad5.

z,yy H € {ab,c,...,H1,H2 ...}
S.T nat
bool
S->T

P.Q

' x:T
I H:P

MEFIZEND IR DN TVDEEDTRNVE WIFTRNZ L IFEBLAALED, FHEIZTADONT
WTEHEMEE UTE—EMEPEN T RN LEHh D, HlZIZ,

=
—
°

Vb : bool,Vn : nat,b = n

D& BAEIE, THLTERRIBZNED L UTHIRT O BEDNDH L. TDLDIZEIMEIINT D
BT 2EZEZBERHE. 2, XRIHATHWSMEERNITTEIL2EDTHIMNENDD.
I 2 AR I BIGRIE
'~ P :Prop
LELPPEVW/EEATES, EWODEKRO T P EOXGNZERE L. #HlAIE, FVn:nat,n =S 0
FEHTE (T5%) BAWAY, +Vn:nat,n =S 0:PropdfY)zD. arEORIFIZHIZ P AR
BEFERT DHRICARYDIZMETHD L ERUTWVDETT, TONENELWLNE D L IFE
BB, (LRI E > T, WHEDKEBDADIZ, THP 2T F P true LB T222EH5. )
SRS AZZ GBS TELEDTHS Z Lk

FT ok
TLOT.

2.1 fpEORMIFREA

'-M,:T 'EMs:T
' - My = Ms : Prop

4



I' - P :Prop I'-Q :Prop
'-P->Q :Prop

(->P)

I'x: T+ P :Prop
I'=Vx : T,P :Prop

(VP)

HEIZOWTI, MR UEOETRWEWTRWZ Y, BftF Ve : T,P IZDOWTlE, P WE
B T THEFTCHMETHRLIeNRDLNT WS,
XHRIZOWTIE, AFO LS B 25 2 5.

(ENVEMP)
F e ok
F T ok x & dom(T)
(EnvTY)
FT,x: T ok
FT ok H ¢ dom(T) I' = P : Prop
(ENvPROP)

-T,H : P ok

BEOHAN, XIRIZH7Z2E H : P 2B <5EIZE, P BRENETOHREDS & THRAIT X
NDWMETRIFEBR L RN L 2EKRL TS, XRICESEFRIFAKET, Fn:nat,H:n=nok
ISEHTEX2A, FH:n=n,n:nat ok IFEHTIR,

DART, MIli T H P OZHO ( TRLIE] ORIIZINZZ) HAZ 52255 T - P OO
NHBETDLIATIE, HIZ FT ok DT P:Prop THDILERHIRETD.
2.2 2MEICET 5:5EA!

I' x : T+ Plx] (x & dom(T))
I' -Vz : T,P[x]

(VD)

I'-Vz : T,P[x] r-mM:T
T+ P[M]

(VE)

A VI L, P HIZENDER ¢ (2DO0WT, TOMMN T TH2 I L UIRHIREZE»T
2 P DY NEORE, [EED 2 iZDOWT P BKY D] LWVWoTENWZEEZRLULTWS. £/, BRE
AN, EED 2 1220 T P WY D ] BRoIE, EB, EREIGEAZBARNZE T OE M 12D
WT P WK ZEDZ e 2RZLTWS. Ple] & P[M] 135 A X EOMMHZ L L Ak, Pl
HZ e PEND L, TD x 12 M #RAULZGEN PIM] TH2Z L2 RTIETHS.

2.3 TFELX] ICET2EHBFR

Ml(—>M2 F|—M1T F|—M2T
F|—M1=M2

F|_M1=M2 F}_P[Ml]
I+ P[M,)]

5



> ETLAFEHETEL U2, BHER»SEINDHEOKORMERTHD. BAMI =1 13,
fiffIZBLUTEHELD (+—=), LD N (ZOMBETO)FLIDERTHD I LERLTND. KR
EHHI=E 1%, @EPOHEIFFUWVHTESMATLNILERLTWD.

2.4 BABCET EHHFA

I' = s(My) =s(Mz)

(IN3S)
T M1 = M2
'-0=8(M)
S — (CONTRANAT)
I'-P
I - P[0] I', y : nat, H : Ply] - P[S(y)]
(INDNAT)

I' - Vz : nat, P[]

BRI INJS &, S @ injectivity (1-to-1 THD Z &) %, HHI CoNTRANAT I% 0 2% 1 A D HREK
LU TEHELL R (FLW, LW HEMNHETEAZOFIERDOT, TINOMTEEITD) L
2R UTWS. KA INDNAT IFBEENIRMEDFEL 2 HEm RO TR LU 23D TH D, HAlH
D H : Ply] MEEDIREEZRL TV D.

2.5 EREICETZEHHEA

I' - true = false

(ConTRABOOL)
r'-pP

I' - P[true] I' - P[false]

(INpBoov)
I' - Vx : bool, Plx]

FH] CONTRABOOL & CONTRANAT LAl TH 5. INDBOOL IFEAEIZ DWT DIHEDIT D
MTh.
2.6 ZJHODHA

ZZTl¥, Vx:nat,P l3Vx,P LEMETS. /-, HHAIZ AssumpTiON £ Asm & EBIKT 5.

1. W FVx,S 0=x->x+S(S 0) =S(S(S 0)) DEH!:

Aoy S0*SES 0) <+S(S(S 0)) TFSO0+S(S0):nat Ik S(S(S 0)):nat L
TFS O0=x LS 0+5(5 0) =S8 0)

x:nat, H: S 0=xF x+8(S 0) =S(sS(s 0)) o

Xx:natFS 0=x->x+85(S 0) =S(S(8 0)) ..

VxS 0=x->x+5(5 0) =5(5(5 0)) "

72720 My + Mo (ZRUEA2KRT T L XIH plus % F>72 plus My My DIEFLTHY, T Ik
x:nat, H: S 0=x THD.



2. ¥l F Vx,x+0=x DEH:

0+04—0 +FO0+0:nat kO0:nat _; TFx+0-x M TFsx+0-8G0) _ E
FO0O+0=0 B 'S x+0=8 x
INDNAT

FVx,x+0=x

722U, T'ld x:nat, IH: x+0=x TH 5.

3. i P % Vx,Vy,x=y->y=x, XIRT % sym: P, z : nat, H: S(S(0)) =S(S(0)) xz &
5. ZOR, ¥ T Fs(S0)) *xz=5(s(0)) DOE:

I'kFVvx,Vy,x=y- >y—xASM

T F Vy,S(5(0)) =y >y =80 " y
T S(5(0)) = S(5(0)) *z —>S(S(0)) *xz=35(3(0)) &
T - S(S(0)) *z = S(5(0))

AsMm

I'FS8(S(0)) =8(S(0)) *x=z
->E

(VE BLRID 372D DHiHE T+ S(S(S 0)) :nat & Tz : nat DOEHIFAEKL TS, )

4. ¥IWr FVx,x+0=0->x=0 OEH:

T, B :S@+0=0F 5 +0=0 " T W :5x) +0=0F S +0=85G+0) .
: I, H’ : S(x) +0=0F 0=S(x+0) =
H:O+D=D|_O=O:I F,H,:SX"'U:U'_SX:D CONTRANAT
F0+0=0-50=0 ! TFSx+0=0-58 x=0 .}
INDNAT

FVx,x+0=0->x=0

727ZU T Ex :nat, IH: x+0=0->x=0 TH .

3 Coq & BAEE

Coq TIrDGtMHIE, T—NeB2MmE P RN52 607K, T P (72720, T I3 E T
#UZEHOEFY) 2L T2EHAREZMEKT 2 70 AR 520, FIRIE, ED Fvx,x=
S(0) ->x+38(S(0)) =8(S(s(0)) PEHEZEZEZTHALD. Coq T

Theorem foo : forall x:nat, x = S 0 -> x + S(S 0) = S(S(S 0)).
Lo 725G, ANHIERE LD,

?

FVx,x=5(0) > x+5(5(0)) =S(SG))) 7

EWVD (HBUDNRN) KD ? &2 MO TEEAEZZRIETDEZLTHS.
BT 2%, RAZMHAGHOET (TN TITHOMHERINSG) KE THREIES ] @
ZLTWad. #HlRIE, intros X7 74w ZIE VI HAR ->T HHNIAR L TEY, EOKRIZHUT,



intros x. ZHEITTDERIFHKELT

{?

X nat FS(0) =x > x+5(3(0)) =SGEEWOMN ;:;
FVx,5(0) =x —> x+5(5(0)) = 5(5(3(0)))

2285, EERZEROEDIZH D 0mE (& XHR) BFHLNT—INTHB.
BT 4w 7 IEBOHBA 2 HAGHLEEZRFELTWSZeEH D, HlzIE, XIRIZH: My = My
MEENTEY, T—IH F P[Ms] 725722 rewrite <- H. #E{795 &,

(?

- e
T My = M, ASSUMPTION T F P[Mi] ..E
I - P[M,] -

EREREIYE, HiLWI—IVE P oD My % My IZESHZ 2 P[M;)] 2735,
&I apply BT T AV ZIZDWTHTALD. P %
Vq : nat,Vr : nat,q=r->plus q q = mult r 2

EL, H: P XRIZHY, T—IUH

plus 2 2 = mult x 2

7o/ $2.222T apply H. 2ETT2DE, UTFOISIZEHAZREIRDLIZILEEZXDL
Nnd.

L+ 0:nat Ti‘zgggc
'S 0:nat -,

TP ASSUMPTION TF 2 nat T-Succ

I'Vr:nat,(2 = r) >plus 2 2 = mult r 2 VE TF x:nat T-VAr / .
' (2 =x)->plus 2 2 = mult x 2 vE r2=x"
'k plus 2 2 = mult x 2 ->E

ZOEHARDRIFEBLDE I apply H. 2 ETFULAROHF LI -V THD, 2 = x IZE>TVS.
8051y 7 v FAREREOBANIZARE, BFO &> BSMEEH 5.

07497

A
intros -1 F£/21E VI
reflexivity =I
apply ASSUMPTION, VE, ->E O#lAEHE
rewrite

ASSUMPTION & =E Ofl&H
INDNAT % 72i& INDBOOL
INJS, ASSUMPTION, ->E DAL HE
CONTRANAT, CONTRABOOL, ASSUMPTION DA & HE

induction, destruct
injection

discriminate

2y SETHEEREOD 213, S(S 0) DRI THS.



4 251X UAOBRIEES

BT rfom (), [£7-13) (BE) L\ o (2513 UAORIEET, ZLTEHEVS
W 0 AT B U 7 U % 5 g LRI LT, ShD R MR - R G L I,

H (Ikx4) € {H1,H2,1H,...,}

e PAQ X TP»D Q) #FKT.
e PVQ X TP E/HIZQI #%7.

4.1 fBEOETIFHEE

'+ P:Prop '+ Q :Prop

(AP)
'-PAQ :Prop
I' - P:Prop I' - Q :Prop (VP)
' PvVvQ :Prop
- (LP)
'+ 1 :Prop
4.2 EHRA
r-pP |
@ (A1)
TrEPAQ
'EPA
Q (A-E1)
'+PpP
'EPA
Q (A-E2)
'-Q
'-PAQ T,H,:P H,:Q+R &ﬁ#Hﬂwﬂﬂib¢®Mﬁ)MEm

'R



r-p

o (V-I1)
I'-PvQ
T+
r're (v-12)
I'-PvQ
'-PvQ T,H,:P+R T,Hy:QFR (Hy Hy¢ dom(T)) (V-E)
'R
1
(L-E)
r+P

(D] ORERANE, @H El, E2 D322 E2 52 %00, ToDRbY e LT
E3 Z2FHALTE L.

[E7213) OBRERUE—FEDOLGED T OHGHRERL TWVD.

o FIFIZDOWTIFEAMAUMNZ SRERUDADD 5.

HBE -PlX P->1 OIKEL L ART.

5 BFEEZEF

BFEEILTF (existential quantifier) £ 1&, [P %2724 » PMFAET D] LW D Wb L FEMmE % &
TODEIET, Jo : T,P WO B2 LD, FERBATIZHET S OB | HAT & HEGm R ANX A
FDOEDITHERDIELEMNTES.

I'x:THF P:Prop

(3P)
'-3x:T,P:Prop
'-M:T I' - P[M]
(3-1)
I' -3z : T,P[x]
'3z : T,Plx] I'Ne:T,H: Plx] - Q
(3-E)

r-aQ

BABA 3T E, TM AP %5729 WEETSAZRC, TP %2AT e MFET D] il
HUTEWZEE2RLUTWD, PIM) &3z : T,P® P WOz ICEEKNRIE M 2 Ah-amE%
LT3,

—H, BRERA F-E X, FE@ENSHOmE Q 2HEZDI2IF, = A Plz] ZifizdL v
XIR/MREDE T Q ZRENTEN (FATHD) ZLZ2RLTWVDS. #m»S5 T F Q : Prop
BEERIZARNE X N T WD DY, Tk, KREHEIZIE, Q 2 ¢ BWENTIEWITARY, 2FY, «: T &
H : Plz] 1%, Q 28 ~ODORHFMANETHD I L 2HEKL TS,

10



FII i D F
1. x: T+ P[x]:Prop 2 x: T F Q[x] : Prop £ 9 5. Z DK, ¥k
F(Vx:T,P[x]->Q[x])->3x: T,P[x])->(3x: T,Q[x])

DEHFLATFDLSIZ48 5.

AsMm

I+ Vx : T,Plx| > Qlx] vE

I’ + Ply] -> Qly]

I' - Qly]
I+ 3x: T,Q[x]

AsMm

'+ P
vl

I
JE

TF3x:T,Px M

'k3x:T,Q[]

H1:Vx: T,P[x]|>Q[x]F (3x: T,P[x])->(Ix : T,Q[x]) _>II
F(Vx:T,P[x]->Q[x])->3x: T,P[x])->(3x : T,Q[x]) g
272U
I' = H1:Vx:T,P[x]->Q[x],H2:3x : T, P[]
I = T,y:T,H3, Ply|
Thd.

11



