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PRE 2R T REEIC L EREDER (1)

Coq < Definition Even'(n:nat) : Prop :=
even n = true.
Even' ts defined

Coq < Check Even'.
Even'
: nat -> Prop

Theorem two_is_even : Even’ 2.
Proof.

unfold Even’. reflexivity.
Qed.
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finRE 2R REEIC L S EHMEDESRE (2)

Coq < Definition Even (n:nat) : Prop :=
exists k, n = double k.
Even s defined

Theorem two_is_even : Even 2.
Proof.

unfold Even. exists 1. reflexivity.
Qed.
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WEE MBIl DIFMWEE
EOEBEEES & [BEORMIER K52
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E /\\\/ %/}lbt\‘% Lj- Lji\
FTLWRFHE ev n:

N~ n:nat

N'=ev n:Prop

o E AZRAY:

Nlev O
Nl=ev n

N=ev (S (S n))
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Coq T D IFHARIIEE D EFH

Inductive ev : nat -> Prop :=
| ev.0 : ev O
| ev_SS (n:nat) (H : evn) : ev (S (S n)).

o LW (BAMAZIRET S)RHE ev DES
» nat -> Prop ... BAKICE T B h5E
o AVAKLS U4 = BARADERE
» HIEDEREBOLDICHERZS
o AVAMZVHDEIEHR= HADOHA
» n:nat ... RAID/INZ X =%
» Hiev n ... FRAIDEIR
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S F TOD Inductive EFR & DIEL

Inductive ev : nat -> Prop :=
| ev_.0 : ev O
| ev_SS (n:nat) (H : evn) : ev (S (S n)).

o HAICDOWT DhEE (nat M5 Prop ~NDEE) D
JEHNEYE T

(*] /\7)( ’9‘u€|ﬁlj7b")h\’C&*5b?' %3“51.;::.
IFBL2ABIBICERINTWS (ev n, ev 0 10 &)
» list © Type M5 Type NOEHML >, EIC
list X D THEHLNTW
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BE > TCERDIET

Coq < Inductive wrong_ev (n : nat) : Prop :=
| wrong_ev_0 : wrong_ev O
| wrong_ev_SS (n : nat) (H : wrong_ev n) : wrong_ev
Toplevel input, characters 0-127:
> Inductive wrong_ev (n : nat) : Prop :=
> [ wrong_ev_0 : wrong_ev 0
> [ wrong_ev_SS (n : mnat) (H : wrong_ev n) : wrong_ev (&
Error: In environment
wrong_ev : nat —-> Prop
n : nat
Unable to unify "wrong_ev 0" with "wrong_ev n".
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Bl T4IFEHTH S )

Coq < Check ev_0.
ev_0
:ev 0

Coq < Check (ev_SS 0).
ev_SS 0
ev 0 -> ev 2

Coq < Check (ev_SS 0 ev_0).
ev_SS 0 ev_0
Dev 2

Coq < Check (ev_SS 2 (ev_SS 0 ev_0)).
ev_SS 2 (ev_SS 0 ev_0)

P ev 4
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Bl T4IFEHTH S )

Theorem four_is_even : ev 4.
Proof.

apply ev_SS. apply ev_SS. apply ev_O.
(* Or: apply (ev_SS 2 (ev_SS 0 ev_0)). *)
Qed.
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ZOMDF(1): aF v Y FE

LLFDORE £ ICDWT, FEEDOEBIIC f #gYIRLE
AT2EVWDON1EIRT (?)

Fixpoint div2 (n : nat) :=
match n with
0=>20
| 1 =>0
| S (S n) = S (div2 n)
end.

Definition f (n : nat) :=
if even n then div2 n else (3 * n) + 1.
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MRTy TTLICEEYT Z2HETET 2EH

Fixpoint reaches_1_in (n : nat) :=
if n =7 1 then O
else 1 + reaches_1_in (f n).

o, EED N ICDWTELET B 2 ED Coq ICiFH D
S50 (ATREICEDNY FEA)DT, EHETIRL
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(JeHREY) hEE Tfaifgy R9 & 1ICELE
5] IEHRTETS
Inductive reaches_1 : nat -> Prop :=

| term_done : reaches_1 1
| term_more (n : nat) (H : reaches_1 (f n))

Conjecture collatz : forall n, reaches_1 n.

“If you succeed in proving this conjecture, you've got a
bright future as a number theorist. But don't spend too
long on it—it's been open since 1937!"
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ftt D5

(MANMERBHELVODIRAICHTETE 1)
o 2IARR DR

» R DHRBIEAS clos_trans R
o (3ERK) ') A M DEH (permutation)

s JARNILIE R ODEBRTH D
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Inductive clos_trans {X: Type} (R: X->X->Prop)
: X->X->Prop :
| t_step (xy : X) (H:Rxy)
clos_trans R x y
| t_trans (xy z : X)
(H1 : clos_trans R x y)
(H2 : clos_trans R y z)
clos_trans R x z.
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Inductive Perm3 X : Type
: list X -> 1list X -> Prop :=

| perm3_swapl2 (a b ¢ : X)
Perm3 [a;b;c] [b;a;c]

| perm3_swap23 (a b ¢ : X)
Perm3 [a;b;c] [a;c;Db]

| perm3_trans (11 12 13 : list X)
(H1 : Perm3 11 12) (H2: Perm3 12 13)
: Perm3 11 13.
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BHHEDOEHREAA TV FPOFE
iy 2

ev n " EH (BIFA) TE S <—

o BEHMDHZEDMIRAIZ Ev-I1l Tn=0, tLLIZ

o BHDHEFZDIRAIE EV-I2 T, 5 n ICDWT
n=S(S(n")) B2, ev n’ TH5.

2oFY

E:ev n TH?d <—

e E=ev.0D2n=0, £LLKIE

o Hd n & E'ICDWT E=ev_SS n E' D
n=S5(S(n")) ™D, E':ev n' TH5.
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BHICDWTDIBEN T (1)

Theorem ev_inversion :
forall (n : nat), ev n ->
(n =0) \/ (exists m, n =S (S m) /\ ev m).
Proof.
intros n Hev. destruct Hev as [ | m Hm].
- left. reflexivity.
- right. exists m. split.
+ reflexivity. + apply Hm.
Qed.

BHINWAERey nHD, ThEEWLHIRIES,
CDEDEE% R (inversion) DEE] & HIER
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destruct DE) =X

n (Hev ODED3|H) %=
o 0 DIZFE

» ev_0 DBRIDBIEHE L THTK 3
e S(5(...)) DHAE

» ev_SS DEIDB|IEHE L THTLK %
ICmahld, DFVY

o nIC0ERALELD KR
e n Il S(S(m)) ZRANL7IRR (m & intro /X% —

ICIRN 28 A)
e Y
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WEr D EIED it B

Theorem evSS_ev : forall n,
ev (8 (S n)) -> ev n.
Proof.
intros n H. apply ev_inversion in H.
destruct H as [HO|H1].
- discriminate HO.
- destruct H1 as [n’ [Hnm Hev]].
injection Hnm as Heq.
rewrite Heq. apply Hev.
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5T 14 % inversion
HEDEIE E ZhicEob B ERIAME (BA45 1,
FELABADKRE, ZROEE) AL TN

Theorem evSS_ev’ : forall n,
ev (S (S n)) -> ev n.
Proof.

intros n E.
inversion E as [| n’ E’].
(x* We are in the [E = ev_SS n’ E’] case! x)
apply E’.
Qed.

HEEHRE (ZD 7) December 19, 2023 24 /59




EEDBERENIZDWVWT ev (S(S n)) &5

I ev n

(FEER) ev (S(S n)) OBHICDOWTIHED T

@ ev_0 DIFE: HY AR\,

e ev_SS DIFE: BHDFEIRIZ ev n DIXTRDTHE
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inversion IC & 5 FEDBEIRE

Theorem one_not_even : ~ ev 1.
Proof.
intros H. apply ev_inversion in H.
destruct Has [ | [m [Hm _]]].
- discriminate H.
- discriminate Hm.
Qed.

Theorem one_not_even’ : = ev 1.
Proof.
intros H. inversion H. Qed. (* Wow!! %)
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FRIXT T B inversion
injection, discriminate ZBE)TPY>T< N3

Theorem inversion_exl : forall (n m o : nat)
[n; m] = [o; o] => [n] = [m].
Proof.
intros n m o H. inversion H. reflexivity.
Qed.

Theorem inversion_ex2 : forall (n : nat),
Sn=0->2+2=25.

Proof.
intros n contra. inversion contra.

b

v
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EHIIXW T D inversion
MHRT H: I (I IRBHRNICEZINME) &7 56,

inversion H (&:

o AVANMZ V4 (BHMKRA) BICHEDI
» ev_0, ev_SS DIFE

o BIZGHB TORIRFM
» ZXARICIEINT % A

* ev_SS DIZFE DR ev n HHENN
» BIRDFEL TWBGHIIFZEETDEDDIRE

* ev_0 DBE (S (S n) = 0FHY XN

HE—SICITD
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XD BHEOESFDREN

Lemma ev_even_firsttry : forall n,
ev n -> Even n.

Proof.
unfold Even.
intros n E. inversion E as [EQ’ | n’ E’ EQ’].
- (x E = ev_0 *) exists 0. reflexivity.
- (x E =ev_SS n’ E’ x) simpl.

(* n’ : nat

E’ : evn’

exists k : nat, S (S n’) = double k *)

o CDFFHETDFo>TLEIN, ev n’ IFH!
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£ L, ev n’ 55 Ik, n’ = double k NNEIBAT X /= &
Ls, 2F<CWL:
assert (H : (exists k’, n’ = double k’) —>
(exists k, S (S n’) = double k)).
{ intros [k’ Hk’]. rewrite Hk’.
exists (S k’). reflexivity. }

apply H.
(* reduce the original goal to the new one *)

v

o ZDRR, EIHITRELI 7
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BEUCET 5 IFWE
P(n) #BA n OMEBICODVWTRRAMEE T S
BEUCET 2 IRiNEDIREE
MERDBE n ICDWT P(n)] IZUTF ER1E
e P(0) D
o ERDBH n’ ICDOWT P(n') 72518 P(S(S n')) |

o Z=DDIZED T IXBEHEDERICHRE
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E 7in /ﬁ%}_\l L\—
ev DFRERA:

Nlevm r+= P[O]
I',n:nat,H : evn,IH : P[n] = P[S(Sn)]

M= P[m]

(Ev-E)
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JEIRE 7 (E D

Lemma ev_even : forall n,
ev n —> Even n.
Proof.
unfold Even.
intros n E.
induction E as [|n’ E’ IH].
- (x E = ev_0 *) exists 0. reflexivity.
- (x E=ev_SSn’” E’
with IH : exists k’, n’ = double k’ *)
destruct IH as [k’ Hk’].
rewrite Hk’. exists (S k’). reflexivity.
Qed.

o
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induction E > C?

e E:evn&W) &,
» E=ev_. 02 n=20
» E=ev_8Sn' E' D n= S(Sn') D

E':evrn (DFY n HLEX)

DWInh.

o EX(ROMMULABWVWEHART)HBED X MEE
ZLTW3!

—> induction E &) A MICEATBIFWEDL O A2

H D!

o MBEMOEBEHICETZREME] £EWD
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AARGER &

EIE: BAY n MERARLIE, B kIZDW

T n = double k TH 3.

SFER: ev n DB ICET 2 IRINE. HRERORAITOW
=Y o

@ ev. ODIFZE. TOBEN=0. k=0 &cdThnIELL.

e ev_SS DIFHE, TDEHB n’ IZDWVWT
n=S(Sn)MDev n TH?. FIHEDIREL
Y, 5 k' ICDWT n’ = double k' TH 5.
double (S k') = S(S(double k')) = S(S n’) = n
ERBDT, k=S(K) EThiEL . (GEEHK)
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o & L COER
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FEfk TLAT] DIRHNESR

Inductive le : nat -> nat -> Prop :=
| 1en (n : nat) : lenn
| 1eS (nm : nat) (H: lenm) : len (S m.

Notation "m <= n" := (le m n).
BHFA:
n<n (LE-N)
<
g (LE_S)
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(LAY ICB89 EERR

HEAEXBICIE ev EE L
o I—IVICHBBHLIAVAKNT Y H % apply
o XARICH B72 5 inversion

Theorem test_lel : 3 <= 3.
Proof. apply le_n. Qed.

Theorem test_le2 : 3 <= 6.
Proof.

apply le_S. apply le_S.

apply le_S. apply le_n. Qed.
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Theorem test_le3 : (2 <=1) > 2 + 2 = 5,
Proof.

intros H.

inversion H. inversion H2. Qed.
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(Rl DES

Definition 1t (n m:nat) := le (S n) m.
Notation "m < n" := (1t m n). J

o le LT ICEEIFMHNLEREZIHELLS?
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IERI(IE#R)RIR

XFHEE=KRTELE

T=EE

EXF e

XF

G
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o fEYRL

FRISE (BRREA - N UAZEBT EERE) &
X3 fix
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TIWT77Ry NT EOIERIRITAZRTE regexp T:

Inductive reg_exp (T : Type) : Type :=
| EmptySet

| EmptyStr

| Char (t : T)

| App (rl r2 : reg_exp T)

| Union (rl r2 : reg_exp T)

| Star (r : reg_exp T).

o BE T IFAMED, ZTOHIMRFIRKTI L TLAW
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XFHDT Y F
s="re - [XFF s:list T hre:regexp T IC
NYFIB]

— (MEMPTY)
[1="¢
MCHAR
[x] = Char x ( )
S1 =" rep Sy =" res (MAPP)

S1 ++ s2 =" App re; re;
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s1 =" reg

—— (MUNIONL)
S1 =7 Union rep rep
S» =" re
- 2 (MUNIONR)
Sp =7 Union rej rex
[ = Star re (MSTARO)
s1 =" re Sp =7 Star re
' 2 (MSTARAPP)

s1 ++ sp =" Star re
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JEHNRIERREIC & B E R

Reserved Notation "s =~ re" (at level 80).
(* [—1= =]

EHRANEREFZ [FH81 35 %)
Inductive exp_match {T} :
list T -> reg_exp T -> Prop

| MEmpty : [] =" EmptyStr
| MChar (x : T) : [x] =~ (Char x)
| MApp sl rel s2 re2

(H1 : sl =" rel)

(H2 : s2 =" re2)

(s1 ++ s2) =" (App rel re2)
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| MUnionL sl rel re2
(H1 : s1 =" rel)
: s1 =7 (Union rel re2)
| MUnionR rel s2 re2
(H1 : s2 =" re2)
: 82 =7 (Union rel re2)
| MStarO re : [] =~ (Star re)
| MStarApp sl s2 re
(H1 : s1 =" re)

(H2 : s2 =" (Star re))
(s1 ++ s2) =" (Star re)
where "s =" re" := (exp_match s re).
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@ EmptySet ICDWTODFRAIKZARL
@ Union, Star ICDWTORAIAINT=DF D
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< v FDEKH

Example reg_exp_exl :
[1] =~ Char 1.
Proof.
apply MChar.
Qed.

Example reg_exp_ex2 :

[1; 2] =~ App (Char 1) (Char 2).
Proof.

apply (MApp [1] _ [2]).

- apply MChar.

- apply MChar.
Qed.

HEEHRE (ZD 7) December 19, 2023

51/59



Lemma MStarl : forall T s (re : reg_exp T),
s =7 re -> s ="

Lemma empty_is_empty : forall T (s : list T),
~ (s =" EmptySet).

Lemma MUnion’

forall T (s : list T) (rel re2 : reg_exp T),

s =~ rel \/ s ="

s =7 Union rel re?2.

Lemma MStar’ : forall T (ss : list (list T)) (x«
(forall s, In s ss > s =~ re) —>
fold app ss [] =~

Star re.

re2 —->

Star re.

A+E 7

itk

= = = = =
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183 reflection

P & b= true EDEMEMEDIKILYT 585, bl P
EFRELTWS, &0

Theorem eqb_eq : forall n m : nat,
n =7 m = true <-> n = m. J

LLFD&L DA, =7 AF>/-EEDIEAICZIID

Theorem filter_not_empty_In : forall n 1,
filter (fun x => n =? x) 1 <> [] -> Inn l.J
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— %1t JEE reflect

Inductive reflect (P : Prop) : bool -> Prop :
| ReflectT (H : P) : reflect P true
| ReflectF (H : ~ P) : reflect P false.

bh P AERMYZZEE reflect P b lEZE1E

Theorem iff_reflect : forall P b,
(P <> b = true) -> reflect P b.

Theorem reflect_iff : forall P b,
reflect P b -> (P <-> b = true).
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EWDIDIFT, UTFDADDEERBIIAELZ &.

Theorem eqb_eq : forall n m : nat,
n =?m = true <-> n = m.

Theorem eqbP : forall n m : nat,
reflect (n = m) (n =? m = true).
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EEENAES

Theorem filter_not_empty_In : forall n 1,
filter (fun x => n =7 x) 1 <> [] -=> In n 1.
Proof.
intros n 1. induction 1 as [| m 1’ IH1’].
- (x1=1[] %
simpl. intros H. apply H. reflexivity.
- (*1=m:: 1 %)
simpl. destruct (eqbP n m) as [H | H].
+ (kxn =m %)
intros _. rewrite H. left. reflexivity.
+ (* n <>m %)
intros H’. right. apply IH1’. apply H’.

C
4
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reflection D ZF 7%

o PLEEFAN T o T VYT B

o RERATBEARMBEICDWTIEITE DL T reflect Z{ED
OIS BE, BAERTIEMAEIIMRY T o>EYT
5ZENHLNTWS

o Coq 51 75" SSReflect THIEINTWBEEBAR
Z

» BRI SSReflect TEEBAI M7=
o AMEDEE (AFBHBRTIHKWVWEEA) TlEHL Y
fF5
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BEE: | FET10:30 FEY]

@ Exercise: ev_double (1), inversion_practice (1),
ev_sum (2), le_and_lt_facts (5) D le_trans,
O_le_n, le_plus_1

o FAENEEAI NI IndProp.v % origin/master I
push
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