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Compute (&2 T 0TI LDFEF, BV T4V simpl (2L 2D RDOEHAED LS IR IND
», F7zreflexivity 2o TR T 254 (T4805, =OMHEA [FLW] LFESI0VS
M) & &Y IEMICEET D720, Coq D (HIZTOT I IVIZEMBID) N—ALB>TWD
HERTH BB T A AEHE (typed A-calculus) ZE AT 5.

“calculus” ® U <& computational calculus & 1%, ( M#E#rF] TIEARL) TFHEAER] L5, K
B N—AL UGHAT 0 22 RT ZODOMMMPFAD Z LT, 70T I A (2 —MibL 7 117
(term)] LIEEND £ D) OB @REEZFHE T ORL AL ARRZ D, LI FERIRENTND.

1 BRBOMEEFRE

EIHEMGEEIE LT S, 0 LI SO0 T TREI NS HREUIN T 2 I - b 2 51547
LUTKRBTDIEL2EZXD.

1.1 ED#EX
IHDOHES Terms 1 BNF 2o TUTFDL S IZEHEINS.

(terms) M,N € Terms == 0

| SM

| M+N
| Mx*xN

o, ¥ 7%Y (successor, IROE), RUAENITEOIHER ZHE UTEAS. FEIMNIIEMEIC
FHEXERTIE RV, BEERTZOITHEMEATS. iR WgS, REINEL Y EEEE!
U, E558 LG THDS. £/, SS0IES 0SS ENIELLDLULNHALIPRVDE

M+ N*xPIEZM+ (N *P) 25U, M*x N+ Pl (M * N) + P%x7ET.
M+ N+PlX, (M +N)+P#%, MNPl (M=* N) » P%, ®9.



A, BTITDNDHDHEZZAT, fHillz20T, S (80 £ELILIZTD. £/, sM IF +,
* $ Y EMAEARTD.

1.2 &5

B (reduction) &3, FHEOBIANIE> THORMLZITS Z L 2. HIAIE, RUROHHA
EUTIE, 0+ SO0MS0IERIND, Lokl eNEZALNG. Ihk

0+sS0 — SO
S0+« (0+S8S0) — SO0x*x8SO0

DEHIZ, RKHIZME->TERT., BEMIZIX, £EE Terms EO—TEBELR — C Terms x Terms =3EH A
TBHILIIRD., SDODHE M, N WZOBEFRTEFBMATLNTWS, 2D, X (M,N) BZD
EHEDILTHD (M,N)€ —) %k M — N &EL. BENLSERE M »1 A7y 7 TN
NI NG] LW 2 Thd. BNBEROLELT, 2 INSTNEZ GHE (redex) (reducible
expression D) L\ 5.

B AR IZHERRIR RN (inference rule) EMEIIND A ZF>THEZAONE. UTNE, TEARE M
ICHLTE, 0+ M— M EOSBEBVHRLTS] Ze2nd il Tds.

0+ M —M (R-PLUSZ)

Az E»N N7z R-PLusZ (X Z DHEFRMIAIDZFTTH S, Z OHEGRHANIE, M IEHEEEXHRED
EHTIIHZ I TEARNBRIEOMOBBRZELS ZOOBUROMIE - 7> T — e UTHEET .
HzIE, M=s 0 &3,

0+S0—S0

MNEIFLZL, M IZE—BRZ2EXTOTHEZEAFERLERTE IV, HIZIEM=s0+s0&7
i,
0+ (0+S8S0)—S0+5S80

WEHITL, (ROMEZROZOITE IR ZHIZENZ D THHLT 20 ERH D ZLITHER )

ZTOMDREUE, NIBEIZET 2 HEARNZHANILATDOEY THS. BHERIED Coq TD plus, mult
DEHLOXIEZE R TE>TIELW.

(SM)+ N—S (M + N) (R-PLusS)
0 M—0 (R-MurrZ)
M) * N— N + M * N (R-MuLTS)

INHDHAIZMS &,
S0+S0—S (0+sS0)
3@
S0*xS0—S0+0xS0
33 M + N 1% (S M) + N 257,




EWV o 2 BRME TS,
ZOEDIINE - FEOEAWHEATY TE2#HRFAIE UTEREHTE 22, ZNH5DAELDOIRD
HEATY T UTHRIZEEXIND

S(0 + S0) —S(S0D
)
S0+0*«*S0—S0+0
D& DI, HO—ED (BRDIE (subterm) LIS (KAl Z2 HTIXO TEHAEZH#ED D & 5 REKE, L
DOAZ T TIFELS Z 2 IFTERW., 2O LD BEDHEOEHN 2 RET 272012, HIZIEATDLS
IR % E AT S,
M — M’
S M —S M

(RC-Suco)

ZE, INETORAIEEY, KERPOPNTTD ETFIZM — M OFEREINTNS. 2
i

EBROBBNEALBL, TROBBEESHLTEIL
EWDEIRT, LRIZTEROBGREESHITZOOMRSEMALZ>THS. HIRIT,
M = 0+S0
M’ = so0
L9HE, ZOHAN,

0+S0—SO0ODPVRELES
S(0+S0)—S8S (S0 Z\V-oTHLLW

EWND T T, BRI R-PLusZ Mo~ 3XNb DT, #HE,sS(0 + S0) —S (S 0) #
WoTH I IIRSL., ZOLD7%,

1. #H] R-PLusZ &V (1) 0+ S0—8S 0
2. EOBfR (1) &#HH] RC-Succ &Y s (0 +80) — S (S0
LD, BREMERT S OO MmEE %

R-PLusZ

0+S0—80 RO-SUCC

S@+s0)—s (s0)

EVS A Z M DRIT - TRET D 2D D, (—BITITHANHIRRSAE 2 E D > TH
DINTEHEEHDDT) 2D LD AT ZEHAK (derivation tree), F7-IFHIZEE (derivation)
b NS

ZOFHAI RC-Succ &, EHBARICH D _HENZTNOIMINIZ S 22 TEBNERICH D, H
DEVSETDH L, SORIBEHHYLTEL2KEL UTHNBERIIHD, LWVWIILE2RLTNS. [H
FREBHAZ HOMBEZTHET S &, #ReUT,



fifEIX ENEBIEATEHELTE LW
EWS T RTILIIRDL. HRHOMNZTF T /ODHANIATDLSI285.

M — M’

SM S M (RC-Suco)
M — M’

M N S M TN (RC-PrusL)
N — N’

M+ N—M+ N (RC-PLUSR)
M — M’

M N S M r N (RC-MuLtL)
N — N’

(RC-MuLTR)

M x N— M * N’
HEME 1.1 UFOHE M; (22WT, M; — N; L322 N; 22T L. 72, BEHROEHA
.
e M;=S0+(S0*S0)
e M=(B0+80) % (s (S50 +50)
e M3=S (S (S(S0))) +0

REMIRE 1.2 £7/2, 5 (S 0) * S 0AfHIINTS (S 0) IARDER(£T)%,S (S0) xS0 —
My — My---—S (S 0) &A% M,; 2529252 L Tmrt.

1.3 TILFRTv K, BHICEDCEDEFL X

ETEHALEZ — 28210, IHICSDO00R —* & +— 2RAIZH>TERTS. M —* N
i TM % 0 FBLLE (BRE) oL N BWME5NE] WS EKROBR, M +— NI& M »
b, MEFEENLfHNE (FRE) &V IKTE N B3EFLND] LS BROBBTHD. ( [HE
FEEN<] BRDOT EQ-SYMM TRINDMNIENA>TND. )

M+— M (EQ-REFL)
M —*M (MR-REFL) M —s M’
Mo (B-Oxe)
M —s M’ A
M —*M M —— M’
—_ (EQ-Symm)
M—*M M —*M" M7= M
— (MR-TRANS)
M —"M M+— M M «—— M"
(EQ-TRANS)
M +— M"”



BIZIX, S0+S0—*S (S0 X, 0+8S(S0)+—-S0+S0&WVoAEBRNVKLTD.
FERBE 1.3S0+S0—*S (S 0) OEHAKREE.
FEEME 148 (S0) +0+—0+ S (S0) ODEHAZET.

—* & MR-REFL ® MR-TRANS 22505022 & D II KGN OHERBKZBEKRTH S, LV IEHMEIC
¥ — 2 ELBR/NO KPR 2R, T42ab05, — ORFHHEBHEAD (reflezive transtivie
closure) Th 2. F£7z, < 1% EQ-REFL, EQ-SYMM, EQ-TRANS 5072 & DI KHH, KFR
), DOWERBRBLR, D F Y EMERR (equivalence relation) TH 5.

—* 1% Coq T®D Compute X simpl (2 & 2 RDHHLZET LU ZBBRTH S, (27201, simpl
FRD 22—V AT 7 AZE>TEHBE LRI ENH DD TREEIZ T 2D TIEARN. )
it, ¥ reflexivity T IFFLWV] LY INDIEDOBEAKRZ ET ML TS, EHEDN DS EHE

FHAINZRND, FEIX, M+ N THhHdIee, M & N OFFEHER (U EEEFZRNE D
A FE TN ZED/ZIH, ERF (normal form) LW D) MEUCIHTH D Z LIXFEMETH 5.

X&Eiﬂltd’j‘)‘IO NEEH I THROZHIZEERNZERBIZOWTONE - #FRZRL TV D.
R 2 KT 72DITIE M Lo rz, H—ERTLOD 128 2#H>TW5H, ZhiddsH< £
THAGE ’CO)JEEH@K&O JEAUERETHD. ek, HAGEZM->T, BARMZEABUZOWT
OME - FREXDFFEZFIHL T DI ED, BHIZMHE S S55E% X 9 558 (meta language), i
3%1“6%%’2??%%% (object language) £S5, M DX D BRAXFEENONRFFED [ D]
2 URT 72DIMH 5 B % A 9 Z# metavariable £\ 5. —Jj, Coq D7 HT T AIZEWTIE, B
BDNTGA—=B%RT DI n, b VOB E[OD, ZNEINRFFEIIETILEHMTHD (A4
Eﬁt@%?étma,7mﬁ7Aﬁﬁ WREFEDER, BRELVDZ e dHD).

2 FE#HETLYEE TLYEE

TOT I MIBENT, &S8R - FHEFIEIEROE THEITR 5 RITIE, BB TR E
2EELT, X FHOBMNHEZRD Z VR —RNTHL. HFETE

221 4+ 7°1 + 20%7

cESMADYIZ

F2)+ f(7) + f(20) 7=EU f(z) =a’n
LETE, RORBUNEL RS, 22Tz iFNT A=K EIEEN, FHLNWDHHTIZE > TERZR S
DERTEEHZHOTHD.

BB, (RZEDED ?) BFETREAOEE LM >T (AL HhERT) HOESE] & U
TRADW, AP O N Z2EETER] LW RAEFRICEENTHS. DL 5% [FHETRE
B BB ODMERDO L DN NEGTE - T LYEE (\-calculus) THY, TOHLNERDDN
T LA GRE L EEN D BEBOFETH .

T LRFEE, MNANTA=ZV(R) LWIET I8 XA—=2% AN UTROFEEREZH 1L
T 2RETD. EOFID fiF z.a?r LESIENTED. 20T LK GLIEORHEIIZ UL



ZTOBBBEKRICHATE DI TICBERETLIENTED

EWVWIETHD. Tk, BIOBMRZTDE D LBBUIAHTE DT 2 LW T AL UMY Z L2
TE5.

T LAFEIC L BBBUCFER B E G A (BRELIBICEAT S, D), EROMIK /35
A —R B EBBCERIKL (instantiate) $5Z | THRZIENTES. T4bL, fY¥ \paln & F
5L,

(EHELY) = (Oz.a?n)(2) )
(x % 2 TEMKIL) = 227+ f(7)+ £(20)

D #eG (FHE) AAATREIZ AR D

T LAEEOERRIE, T ANGIEI & DB, BIBGERIZ & 28T A — 2 EHD LR A AR
FEHUZEDTHY, NI A—LEHR (INERA (substitution) LIR) ZTHWEHHEATY TTHD,
EWI R LD, MR T A ZFHE (A-caleulus) Tk, #fEd 574<, HE LT,

ZH TS BBCEA
€T Ax. M Ml M2

D3FEHDAZZZ L. BEGEMIZEE My (258 M, 252 TS 282K L TWS. (LOHIT
WO E 2R T7TOED)DFEPNIFZESTE LW, ) BiET 54 < T, FENKRITE LD L EEHIZE
IME ULNARND, EiL, BoMART—2ME S LAXEEH>TRITDILENTED I LBHIS
NTWD., EEE, MRS AXHEEF 12— Vv I%e (Fa—) v THEW TR RS2 TEE
CTX3)TH5.

T LAEEIZBIT S, 1735 A — & % LR TR (instantiate) T2 1 FHHAT Y 7 3 K&
IHEN, DARD &S 8/83% — (Bl TRIND.

(\z.Mlz]) N — M[N]

ZIT, M,N 7075 5%KL, o WEBOLH#RTHETHS. £id M[z] ¥ M[N] &

(OfEBA ED) TRAT] BENZE M %52, TORKRIZ 2P N 2 ANEZEDERLTNS.

CHFET 21T, o 2KEH - NI AR T2z HEIB N IEHRTL &, #REUT, B

AR M FDINT A= (DETOHE)IZ N 2RALEZEDIIRD, WD ZEE2RLTWVD.
Eofilo

(A\z.z?7)(2) + f(7) + f(20) = 227+ £(7) + £(20)

LW REIRIE, BRHIDOHIZZR ST,



3 BNMSLYEE

BN S LYEE (typed N-calculus) &, T AAFHEIZ Coq IZR OGNS &S RAIDHEEEAL LY
DTHD. (KYE Coq T LAXFHEIZIENT NS, LWDIRNEIEN, ) BN LALGFHEIE, T
DGR (FRIC KBS E R G AR TRIEL T A X FHE (untyped A-calculus)] &IESR) L [FER, 70
T LDOMEmETCOEELEETH D LFAKFZ, AR EEITRABROBELEZTD [H)— - N
7 — RORBNG] EEEND R G252 KEZEKRTHD.

RIS AZFHEIZE, BMEUTEDEIDIBREDEZEZDINIIEI>TRRABZN) T—VavhidHd T,
ZTOHTHLHEIL UT, nat, bool D& 5 RIRI{HIZRH (primitive type, EEREY (base type) £ \V5 T &
) LEBI (DA) 2F 2 DT LA E L BIBUT S LY EHE (simply typed A-calculus)t & I
. Ik Coq TWH &, KK Basics.v & Induction.v DEIPHTENAZ 7O T 5 AN T .

3.1 B, SLSHDOEX
F9, BMAN S AXFHBRIZE TR (type) & 5 LY TE (A-term)>% LA RO BNF TE#T 5.

(types) S, T nat
bool

S->T

(variables) @,y € {ab,...}
(terms) M, N

|

|

| match M with 0 => N7 | S ¢ => N3 end
|  true

| false

| if M then N;j else Na

| funax:T => M

| fixx(y:8):T := M

‘ M, M,

o BX UTIX, BARKDME nat, EMAMHEDRE bool, LKA S->T 2% 25. 2D S &5/ 50,
T #RIEFLE NS Z e Bh b, > I3EEET 5. WU%.@:, T, —>T5->T3 LiTl -> (T2 -> T3)
DZETHY, (Tl -> TQ) => T3 TIEARW.

o HE LTI, 2%, HABOIAVA NI VAL natch ILED5AMT, HBfHI VA NS V4L
if IZEBGEN T (INETONXTEL A S natch M7 with true => My | false => M3 end
EEMINDED), B (fun), FIREE (fix), BBGEHAZZ X 5. BBOHEIE Coq I2HD
BTWEH, Z<DOXBTIE, I\ : T.M tEHEIPND.

L THMBA S AFFE] YO0 RGAIIE, B, IR (P, HAICL 5T, nat, bool THE!) BE XA
W2 EWNE, AROEEMAKRIL Plotkin @ PCF & IEEN D FHEIARITIE.
SONREETIZTR IS MMITALRE, & U IEHRIZIHEIEINS.



BB OMAZTOE DL EAMIZARTZ DL WS T AT NTXS] LENAEZL
WU T,

Definition f (n:nat) (m:nat) : bool := ...
D& 574 Coq DEEEEREIX

Definition £ : nat -> nat -> bool :=

fun (n:nat) => fun (m:nat) => ...

D TH 5.

B8 FR SRR 2 Z DSMUIC DI RVIRD T2 2P RERL THD. 2ANTO
BEGEIZ R 6T 5. BRI,

fun n : nat => plusnn

FERDBEBUHT

fun n : nat => (plusn)n

DZELThd.

HIRBEE fix x(y : S) : T := M 1% Coq @ Fixpoint CEE I NDHEBUHY TS, = »°
BEEL (2 FIRINICRIRT S 720) OFHT, y 2N T A =&, § ST A =8 DR, T HEIEARK
M ORITH5.

Fixpoint plus (n : nat) (m : nat) : nat := ...

&

Definition plus : nat -> nat -> nat :=
(fix plus(n:nat) : nat -> nat := fun(m:nat) => ...)

LEMTHD.

Coq Tl&, BWHUZBIZKTIEIET S LD BB UNEIT RV E D ZRHIRD N> TV 230,
ZZTIRZFDOHIRIZDOWTITHE LN, FD2),

fix f(x:nat) : nat := f x

D&D7%, —HIFHIND LEHENEE S RVEKD (WA O)HELTRDLNDS.



3.2 &

MU L, SHEARZEZITHNEREI M — N 20O TEMIN, M PN1ATY T T NI
X Nnd | L. BATHAN U BEHUANIE match X if (2L DGEED T DNIENFHFE 1 A
TV T L TERINSD.

9, BN, KRRz

(fun = : T => M[z]) N — M[N] (R-BETA)

TERIND. R-BETA 25 &, #ZIZE,

T = n
T = nat

Mz] = match  with 0 => S 0 | Sn’ => 8 (S x) end
N = 80

L, BARNZ ZIHE OB

(fun n : nat => match n with 0 => S0 | Sn’> =>8 (S n) end) (S 0)
——smatch SO with 0=>S 0| Sn’” =S (S (S0)) end

MEZD.
if % match O 8 BRI EEARNISE S HHRTH .

match 0 with 0 => N7 | S © => N3 end — N, (R-MATCHZ)
match S M with 0 => N3 | S & => Na[x] end — N3[M] (R-MATCHS)
if true then N7 else Ny — N; (R-IrT)

if false then N7 else Ny — Ny (R-IFF)

EHLLDMESUIDWTE SN2 DDOHAIMNHBRINTWTIHEED T IR > TS Z e Wb»rd. 77,
BRI R-MATcHS Tlk, HBEDITORNRTHD S M ORIOH (T8bH M) PEBIZRAINT
W5,

REIGHIREBONHELUZ2REUZBTHD. L BEREIZIEAUZVPHIFEZRET 72
OIZ, ERIHEZT TR EREKZDOE DN, BHHENTHCSZR T2 ZODEHRTHD o ITRAX
na.

(fix x(y : S) : T := M[x,y]) N — M[fix «(y : S) : T := M|z,y], N] (R-F1X)
D & T 72ODHANIA T D LS I8 5.

M — M’
MN —MN

(RC-App1)



N — N’
MN — M N’

M — M’

match M with 0 => N7 | S ® => N3 end
—s match M’ with 0 => N; | S « => N> end

Nl — N{
match M with 0 => N; | S « => N5 end
— match M with 0 => Ny | S  => N3 end

N2 — Né
match M with 0 => N7 | S « => N5 end
—match M with 0 => Ny | S & => NJ end

M — M’

if M then N else Ny — if M’ then N else Ny

Nl — N{
if M then N; else Ny — if M then IN; else N»

N2 — Né
if M then N; else Ny — if M then N; else NN}

M — M’
funx: T =>M —fun x: T => M’

M — M’
fix x(y : S): T := M —fix x(y: S) : T := M’

(RC-AppP2)

(RC-MATcH]1)

(RC-MATCH2)

(RC-MATCH3)

(RC-IF1)

(RC-1r2)

(RC-IF3)

(RC-Fun)

(RC-FIx)

BRI, EEATY 7 (0 ATy TUUE) TOMf#ERT M —* N &, flif%@E0 T HN 5

LW ZEZ2RTM «— N 282 H>TEHTS.

M<+— M

—_ (MR-REFL)

M —" M M — N

M — M’ M <— N

M —*" M M +— N

M—* M M —* M” N M
— (MR-TRANS)

M —*"M M1 — Mz M2 — M3

My +— M3y

68 [FEBAfR & BIEIEND

10

(EQ-REFL)

(EQ-RED)

(EQ-Sym)

(EQ-TRANS)



ZOEFRIE, (HLIZBOTVD — DEKRIZTES D) BHRBDINELRETD —* L +— %
EHUZBMELFALUEDTHS. M +— NI, Coq IZBWTHMN GIHZEBE LU TEHELWI L E
KTHEAMS L ZR>T WD, LB, T2 “M = N” DI, reflexivity &> CAEANE T
% DIZMAMN M +— N TBRDIT6NEETHD. (ZOBBRPELL TV 2E2HETL TV
D ALZDWTIERTS. )

mEBA 3.1 H
M = if true then (fun n : nat => plus n n) (S 0) else (fun n : nat =>n) 0

£45. M IZBLTFD 3 DDIH

M; = (fun n:nat => plus n n) (S 0)
My = if true then plus (S 0) (S 0) else (fun n:nat =>n)0
M3 = if true then (fun n : nat => plus n n) (S 0) else O

RIS NS 208, M — M; (2720 i =1, 2, 3) OEHAR2 ZhTnET.

FEMRE 3.2 7 AXGETOBEM (fun) 32T 358K THS. ULnL, fun 2 ANTIZTDZ
YT, BEBIBEBERBTIIENTES. ZOTA T 7IZOWTHIAE L.

HE M 3.3 Basics.v (ZEH U7~ plus BIEZ fix 2{Hi>THXL, plus (S 0) (S 0) A
NTS (S0) IZADtEMZ, plus (S0) (S0 — My — -+ — M, — S (S 0) &% M;
ZHIETHILETRE.

7073 LDRTEEBN: NI, BEARKZIEZTOY I LDOFEFLEHIEDTONDEL S R 2D,
WL D, 525D TOT T LDEITLIIRRDEDEHD.

7, R-BETA 2 <D &, 2<DT0VIFIVISFETCOEBITELERRY, 58N &L
TIHMEREDHMFHFINTE Y, 5IBOEHEIRD O TRV D LIZEHBEIFHT LS R L HAFET
»hd. OFY,

(fun (x:nat) => match x with 0 => 0 | Sy =>y) (S(a + b))
(ZZTa,blFZH) I 227y 7T
a+b
iR NS, 72, RC-Fun, RC-Fix BHNIZ, (Fh) BEIBOARKEBHILTI NI L 2R LT
é. %IK/%%Y
(fun (x:nat) => 0 + x) «— (fun (x:nat) => x)
N5 AVA N
Example foo : (fun (x:nat) => 0 + x) = (fun (x:nat) => x).
& reflexivity 7ZIJ CiEHHT X 5.

INSHDORUE, BfE 70T I L0 157 ZeEZD L, RAR»E ULNRWD, O VT
S VEBRE DAY TORELD LS5 BEDETEELT (AUHEETS) LV fHiKRg S0y
A LERDTTVWS, EEXIELW.

11



KAEEHO THR] : EoHlDX 1T, BEZE true, S 0D & 5 REMKWZRMTII AL, B (%
GLR) TR LEHFINTVDS. SiNERIMNINTIA—FZ LGB TCEIRADZILEZLES
CWRZ NS, HIRIE, £ % fun x:nat => fun y:nat => y + x L E&HL, fun y:nat =>
f (yxy) 0 2flifITH 2L 2FEZA LS. HEMIZIE, fIFRRDELEZ BIFEDIEZD > DiRL
C)FD 2 TH2EM,5, fun yinat => 0 + y * y BIFELNDIIETTHD. LML, BUDATY
TEUT £ (yxy) OEHD B %E, BEBARIAD

fun y:nat => y + x
D x % yry TEIMADHLLES &,
fun y:nat =>y +y * y

PELH, RO 0 2T T LT, fun y:nat => 0 + 0 * 0 IZA>TULED.

ZHEEfDNRNITA=RTHDy &, FELANZHD y x y Dy ZIREALTLES~EZDTHD.
T LHEETIE, ZO&SRIRRMNEZ 255121, BBSTA-2DOAHHA 2 U TEAZET 5.
EOHITIE, £ % fun x:nat => fun (yO:nat) => yO + x & U7z LT AfifE21TAE,

fun yO:nat => yO + y *x y
NELNT, THhi 0 THENK
0+y*y

MEOEND.

INEHERT S 72012, Coq T

Definition f (x y : nat) => y + x.
Eval compute [f] in (fun y:nat => f (yxy)).

ZFEITUTAK. (Eval compute [f] (FEZRDEMZ £ IZIR>TITD (+DOEFIFEFL L) 720D
IXYRTHD. 0 2KNTWBDIE, 0 TOFUH LU ZETITIED D HIERDNLRN/ZHDTHD. )

2D & D BEBOHH % AL 2N 5175 R A% capture-avoiding substitution & FES. [FERRDIR
AlZ, match BEMODEREZS 2 ESWXZOWTOMNTEMbNG. £/, TLAXFHETIE, &
O/ R % Ui DOHER LIXFA—HT2D0MEETHS. HlZIE fun x:nat => fun y:nat
=> x + y & fun y:nat => fun x:nat => y + x |& (FHIZRR D) FA—HT3.7

3.3 BEHNICEAITZ2EELME

T LAEHEOBMNICE T 2 EELME, FRIXEINSFE DT THEMBRIIEDL RN L &R
T, BRME (confluence) THD. BMMEIFUTOLD ZEHE U THRRD ZENTES.

BT X
/ (z° + x)dzx
0

/03(312 +y)dy

12
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EE 1 (A7) RO My, My, M3 (23U T, My —* My 2D My —* M3 251%, &
5 M4 b)ﬁﬁb, M2 —* M4 D M3 —* M4 75‘5‘2 DALD.

EE 1 (ERF) H M PINLEEHNTIRY, §2a05, M — N Z25H N MMEELZRVE,
H M FEBF (normal form) TH D, W\ D.

EFE 2 (ERLHRE) H M PESPICHENTED, §2bb, M —* N (272U N XEHE) T
HBED%B N WS DI, T M IXEMEATRE (normalizable) TH S, £/, M IXEHEZ
D, Vo,

BIRMEDERALT 2 &, HIZHT I IEHRIEVRmXVEDTHD I LBD25.
REMEE 3.4 ARSI T2 461, HICHIIEMRENEXVEDTHD I L 2T L.

3.4 Coq ICB T BEHDEKE

AEFHE TR AN L5112, ZOffifik Coq LB DFBEDOMEERLTHY, Compute IV Y R
X simpl, reflexivity & WO ZFtRIZKDHEZT D ZODR I T4V TDR—AZRS>TWD,

reflexivity &7 74w ZI3BRITB R/ & D12, S DDHEDN +— BRIZH D N EHAND %
RoTw3.

Compute IV YV RiE, HOEMKZRKDE-ODDIAYY RTHDLMETLIENTED. (£7,
BRMEOENT T, ERBIEELXOLDICREDS. £/, RIIBTEREIEHET DI L EEAIN
T\, )

simpl X7 74w 271k 15 L HBMALTE 2 &5 THNEHFAMILT D] LD &5 A%H) GEHD®
HTHTL BHDEMRBIEFAENZ ENZ W20, FHEZEDIVUIAMIZE > TIEHN LR <A
LZDIT TR, )ED, 20 [5FL] 22X THIATDLONEMNHEL V. EEE, Coq D¥=2a
TIZIFELF D & 5 25 T simpl DOZFEEIMFIHINT VD (HIHEH).

These tactics apply to any goal. They try to reduce a term to something still readable
instead of fully normalizing it. They perform a sort of strong normalization with two
key differences:

(Hhs)

In detail, the tactic simpl first applies Si-reduction. Then, it expands transparent
constants and tries to reduce further using S¢-reduction. But, when no ¢ rule is applied
after unfolding then d-reductions are not applied. For instance trying to use simpl on
(plus n 0)=n changes nothing.

LR (1 A 2 ) £13, match % if IZ& 255G (R-MATCHZ, R-MatcHS, R-IFT, R-IFF),
FIRBBOERM (R-FIX IZHY) OZ 2 2L TWS. £/, 66 (FIVREN) LIk, ©HEE2ZOD
EBENATEIMADLSZLE2RLTWS. OT, EORBIEZ V0, TBBEHEZERL CEHE2 C
AEAEDD. TEFEESL IARERLTIN, &, BAEDT%E LR o7 SBEcEHERD
ERIEFTRET] L\ oTWa,

BlZIE, plus n 0 EWDIHIE, 7, plus,n, 0 TNTINLUT, B flifNziTE > L9270,
SOOI TERNDT, E®CIDFEETHD. TOIRIZ, EM plus & TDEZNETERH (
flify) UC, I6IC puflifnzettdd. $5&, pENAEITT

13



match n with
0=>0
| Sn’ =>8 (plus n’ 0)

end

EWHIHFE THET D2, match DD IE n BWEBLD TEHHETET, “when no ¢ rule is applied”
DML T D, TDD, EHBOREADL ZAETHF Y v IVINT, §iF, plus n 0 IZRE-
TULED, YWVWODIITHS.

3.5 BITIFEAMR
HMOBMWNT THDZe%E M : T EL. HlZIXS 0: nat ¥

fun n:nat => match n with 0 => true | S n’ => false end : nat —> bool

Thd. Coq THIUTHDI L Check AY Y R2MOTHIDZ Z LN TE LM, ZOHEMORER (Z
NEBAAFEBREND) DIEMHEREZRE AT,

THIZIZZEEDPBND 720, —MBIIFEAT T BRIEZROBIZOWTOEHR T 2 INA 72 =1HE R
'FM:TEUTKY. TIE : T EWVIOROEHBOMESDFNITHY, XK (context) F7zIFEY
IRIE (type environment)® & LIEIND. Hl 2L,

xX:nat S x : nat
n:nat,b:bool + if b then n else S n : nat
n:nat F fun b:bool => if b then n else S n : bool -> nat

VD 72 BRENL T B
RIAHT BAGRE fi) & FRRICHIAI 2 > TER T D Z N TE S, BNITBERO 2O DOHANI BT 17
A (typing rule) £ LIEEND. BURD, BIFIFHHITHD.

z:Tecl
@:Tel) (T-VaR)

'Fx:T
(T-ZERO)

I' =0 : nat
(T-Suco)

I' =S : nat ->nat
I' - M : nat 'ENy: T I'x :nat - Ny : T (x & dom(T"))

(T-MATCH)

I'+match M with 0 => Ny | S => Ny end: T

SIEREIZ I
' == o

EWVWOMXTERIND. KEHD o IFEIET DI LHE .

14



(T-TRUE)
I' F true : bool

(T-FALSE)
I' - false : bool
I' - M : bool 'Ny:T I'-Ny: T
(T-Tr)
I' - if M then N7 else N : T
Lx:SFM:T x&d Tr
(@ ¢ dom(T)) P
'Hfun x: S => M :S8->T
'e:S>T, y:SFM:T (x & dom(T)) (y & dom(T"))
(T-F1x)
Ffix x(y:8): T :=M:S8->T
'-M:S->T 'EN:S
(T-APppP)

TFMN:T

o HiH| T-MarcH, T-Ir TlE, DIEBEOHORMNEL W L 2HEWRL TS,

o Bl T-Fun (&2 &, BRI S ->T RO DiE, NI A—2ZDM%E § L LT (XRIZE
mUT), AMERZ T PO TH D Z ehnbnd. HREBIZOWTE, x ORBEERD
REELL RS ZLICERTE, ZIFFAKTH .
dom(D) IZ T DI Y OLEMANIEHNDSZE NG R L2EEGTHS. Tk, URICBEIZHEN T
SEBIIXIRIZBINTIZNWI 2R U TWA, 2D/, fun x : nat => fun x : bool => x
WZIFBIDSONANE D IZEZEH, TNERAIZLZZHOMEEEEFR U T T 7 2i>T
INTG RA— R DRI Z 24T\, fun x : nat => fun x0 : bool => x0 & & 2397 & ClHMET
X 5.

A TR E (R0 L RkRIC) B ARZ M- T, TOBRBHAERLTL2O02BITEIENT
5. HIAIE

F fun n:nat => match n with 0 => true | S n’ => false end : nat -> bool

DEHAZFOE >4, UF T =n:nat £55. )

TFn:nat 1 V*® TF true : bool I LRUE I',n’:nat I false : bool

I' - match n with 0 => true | S n’ => false end : bool
F fun n:nat => match n with 0 => true | S n’ => false end : nat -> bool

T-FALSE
T-MATCH
T-FuN

RBMIRE 3.5 Basics.v (ZHH U/ plus BIMZ fix 2flioTHLU (M &95), BIfHIFEGR
F M : nat->nat->nat

DEHAZFHT.

9fun x0 : nat => fun x : bool => x0 TIXARL, I X IZHEE. 2HOHHIZ—FBFNES22RBT5.
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3.6 BEMFICEATIEELRMEE

2GS ZLOBREOD DL BROZLWTO TSI A 28HRTD2IENTEIDZILILHD.[E
WOBNTOT T A LiE, T—4 - BRI U THRHEINTOARWMENS 232 XD RIET

e 0 true D& H 74, B TIIARWEDEH
e if (fun x : nat => ...) then ... else ... PEAEIUNTOEGEDOIT

MERIOBRETRET D LD BRIHENWDS ZENTES.
IR D A ZGHRIZOWTI, BURO THRIGAFER ) & THEN] &0 D EBRELT 5.

TE 2 (BREEE)TFM : T H»2, M— M 556, THM' :T ThH5.

I M WEEER (canonical form) TH D, &Ik, M »'0,S N, true, false, fun  : T => N,
HULKIE, fix a(y:8) : T := N WINLDEZLTVWDEIEE VD,

EE 3 (AEME) THM: T &35, EED M DERIE My (ZDW\WT, BLFKALT 5.

o My 7% My My DY (272U My \FEHER) 2561, My & fun =z : T => M’ £ UL IE
fix x(y : 8") : T := M’ D TH 5.

e My 7 match My with 0 => Ms | S & => M3 end DOJF (272U My IFEHER) 261,
My ¥0 E-&, sM OETH5.

o My »if M then My else M3 DY (272U My I3EHER) 2 61F, My i&true U<
IZ false TH 5.

HIENEE, MERNZRS VA TIEH S0, BRPEAT S RIH (FHERPBN S BIECEA, match, if)
FEBRICRAHED (0 true DE DRI T —LEBERZOLNDHTIIA W) 2L E2RLTWD.

INLDSEDODEMEZELED L, EOXRO FTHREZFEDHIZOWT, & UEHN»MEIET S
o, TOMBREOLNAZIERFIX, S(...(0)...), true, false, fun = : T => N, & LI,
fix x(y : 8) : T := N WITNHLDEEL TN EBbnd.

X502, HARMWIZHRZHEDRORY, BODOWZIEOEHRIEE S - FET 2 Z L3 RNWZ L8
A5, INEEBEMEE WS EHYEMEIZIXES - 8O 2 FEMSFEEL, HMIIZNENES (RIEHR
{EPEIX TSI ERUEIE %2 BT 2 NI Y 3272780 WWHEMIRLAT 7 A X FHETIRE D 5§19 3.

EIE 4 (EREM) M I2iE fix 28N T, »D, THFM : T 295.
1. M —* N D, NIZZhM EFEHTEIRNES R N WEETD. (SERL)
2. M — My — My — - 22 HDMRY] My, My, .. \3FAEL RV, (BRIEBALME)

Coq Tl&, fix 2o TWTEHRMIESMEZ RO LD RELPFHFINT VAR, (B 3RID Sk
TIEFEFDZEPMEINTWD. ) BIEFLME L GRMEPERLT D L, M «— N 2¥ET 2 FED
REFREIZRD.

REME 3.6 MIEHLME L GWRMEIRLT DL, M «— N 2¥ET L HEIEAERICZZR D DIE
BEEIE &
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4 BEGS LAYEELRT
(Lists.v CEHT ) RT THAR L 2 ML 5 A 43508 5T

B
(types) S, T == ---|8xT
(terms) M,N == ---| (My1,M>3)
| match M with (x, y) => N end
EEapszEEl
match (Mj,Ms3) with (x, y) => N[x,y| end — N[M;y, M>)]
BT ERY

'-M: S I'EN:T
'-(M, N): ST

'EM: T +«Ts e :Ty,y: To-N:S (x,y & dom(T))

'+ match M with (x, y) => N end: S

5 BMEMSLAYEELBRHY R

(R-PMATCH)

(T-PAIR)

(T-PMATCH)

B
(types) S, T ==
| natlist
(terms) M,N ==
| il
| cons
| match M with nil => Nj | cons  y => N3 end
EkapEl

match nil with nil => N; | cons ¢ y => N end — N,

(R-MATCHN)

match cons My My with nil => Nj | cons ® y => Na[x,y] end — Na[My, M>|

M — M’

match M with nil => N3 | cons  y => N3 end
——s match M’ with nil => N; | cons = y => N> end

17

(R-MATcHC)

(RC-MATCHL1)



N1—>N{

match M with nil => N3 | cons  y => N2 end
— match M with nil => Nj | cons  y => N3 end

(RC-MATcHL2)

N2 — Né
match M with nil => Ny | cons  y => N2 end
— match M with nil => N; | cons « y => NJ end

(RC-MATCHL3)

BUAFIFHRAN
I' F nil : natlist (T-NiL)
I' - cons : nat ->natlist ->natlist (T-Cons)

I' - M :natlist I'Ny: T
I'x : nat,y : natlist - No: T (x #y and x,y & dom(T"))
I' F match M with nil => N;j | cons © y => Ny end: T

(T-MATCHL)
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