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oy e

Coq T, @D (7OVZLERAULL)IED—.

“Prop” BlZHFD.

Coq < Check 3=3.
3 =3
: Prop
Coq < Check (forall nm :nat, n+m=m + n).
forall nm : nat, n + m=m + n
: Prop
Coq < Check (forall (n:nat) (b:bool), n = b).
Toplevel input, characters 36-37:
> Check (forall (n:nat) (b:bool), n = b).
S -

Error:
In environment
n : nat
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-
— 1=
7-\_ ;l_/,

IHD Prop Bl RD & TOEMNKRY @ H SEBAFTAE

Coq < Check 2=3.
2=23
: Prop
Coq < Check (forall (n:nat), n = 2).

forall n : nat, n =2
: Prop
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mEAZERY B

Definition plus_claim : Prop := 2 + 2 = 4.

Theorem plus_claim_is_true : plus_claim.
Proof. reflexivity. Qed.
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INTG X —=F LI Nt

i EE (predicate) & 13, Bl ZEZITH > THEEZIRY
ESE

Coq < Definition is_three (n : nat) : Prop :=n = 3.
1s_three ts defined

Coq < Check is_three.
15_three
: nat -> Prop

n =mifeqn m DEXFEK:

Coq < Check Qeq.
Oeq

: forall A : Type, A -> A -> Prop

eq DEIB|E A IS BBEATRE
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EE [f IXBEEHTH S |

Definition injective {A B} (f

: A ->B) :=

forall xy : A, fx=fy ->x=y.

Lemma succ_inj : injective S.
Proof.

intros n m H. injection H as H1. apply H1.

Qed.
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Logic.v

o fNEd
o MMIBHEE T
- EE( D21)
» BE(TF/&F])
. E(%E)t%i( [~TAW] )

smIERYEME (if and only if)

» FEEL( HBxDEFEELT~])
o MBAM>ALTOTS A
o EEDF|IHA~DEA
e Coqvs. E5&m

EHEEHRE (ZD 6) December 13, 2022 8/74



JEE (conjunction)

A/\B - TAHDD B]J

e A/\ B %iFBA9 57=ICIF A & B =ZNETNEE
B9 %

o split ¥V T 4v 7 TaA—ILEXZDIZHNE

Example and_example : 3 + 4 =7 /\ 2 x 2 = 4.

Proof.
split.
- (x 3+ 4 =7 %) reflexivity.
- (x 2 + 2 =4 x) reflexivity.
Qed.
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EEDEA
Lemma and_intro : forall A B : Prop,
A ->B ->A /\ B.
Proof.
intros A B HA HB. split.
- apply HA.
- apply HB.
Qed.

o MEEDMEA BIZDWT] X (BZELL)HMH
» THLEKRIFHRATEIINR?
@ split & apply and intro (FEEE L.
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EE N SAALD

REICH D A /\ B |F destruct TH7=DDIRE A &
B IIDfETE 5.

Lemma and_example2 : forall n m: nat,
n=0/\m=0->n+m=0.

Proof.
intros n m H.
destruct H as [Hn Hm].
rewrite Hn. rewrite Hm.
reflexivity.

Qed.
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EE =B L TRDIWND

Lemma and_example3d :

forallnm : nat, n +m=0 ->n *xm = 0.
Proof.

(* WORKED IN CLASS x*)

intros n m H.

apply and_exercise in H.

destruct H as [Hn Hm].

rewrite Hn. reflexivity.

Qed. )
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AER conjunct 25T 3

Lemma projl : forall P Q : Prop,
P/\Q —->P.

Proof.
intros P Q H. destruct H as [HP _].
apply HP. Qed.
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Logic.v

o fNEd
o MIBMES

» EE( I5D2])

- BE( TF7131)
E(%E)t%i( [~T7] )

v

- smIERI[EE (if and only if)
» FREEIL( 5 xDFELT~])
o REAEF-ATOVI A
o TEHDF|FADIEHA
e Coqvs. E5&m
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ZE & (disjunction)
A\/ B TAZ/kIZB]

[F7=1%] DSMAHI%EE D ICIE destruct THED T
=9 5:

Lemma factor_is_O : forall n m: nat,
n=0\/m=0->n*xm=0.
Proof.
intros n m H. destruct H as [Hn | Hm].
- (% Here, n = 0 %)
rewrite Hn. reflexivity.
- (x Here, m = 0 *)
rewrite Hm. rewrite <- mult_n_0O.
reflexivity.
Qed. <
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EEDEAN
90T 4v 7Y left & right

Lemma or_intro_1 :

forall A B : Prop, A -> A \/ B.
Proof.

intros A B HA. left. apply HA. Qed.

Lemma zero_or_succ :

foralln : nat, n =0 \/ n =S (pred n).
Proof.

intros [In].

- left. reflexivity.

- right. reflexivity.
Qed.

A+EZE (FEKRE) EHHEEHRE (2D 6) December 13, 2022

16 /74



EZAT

e PAQIZ and P Q DBKEE

e AIHKIC PV Q IE or P Q DIKED
o and, or XN D ERIT & > T ZIRY AN
BERD
Cogq < Check and.
and
: Prop -> Prop -> Prop

Coq < Check or.
or

: Prop -> Prop —-> Prop
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Logic.v

G

o MMIBMESRTF

. EE([hD])
» =S ( TF7EIF])
» B (FE) EBE( T~TRRW] )
* RES (FLLIRY)
» B
- FmIERI[EME (if and only if)
» BHEEIL( HE2xHPBEHELT~])

o MBEMF-ATOVS A
o EIEDE|EADiEHH
e Coqvs. £5
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BEEFE
[P Tlx7a\N] (=P, Coq TIE ~ P) DES
Definition not (P:Prop) := P -> False.
(x False: [FE] MAl ZRITIIRDRWE *)
(x [P TREAW] =P ZRETDEFET S *)

(* not : Prop -> Prop
A Z X T > Tz IR *)

Notation "~ x" := (not x) : type_scope.
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JEFER
FEDSHATE VN B:

Theorem ex_falso_quodlibet : forall (P:Prop),
False -> P.

Proof.
intros P contra.
destruct contra. Qed.

@ C Z T destruct & discriminate & [EFRARE =
» discriminate IEFELEFICHED

» W AEWDERIEE D D LS (IndProp H 7
Y2)ICEGEDMS
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& DEERA (1)
BEDIRI (False 2B 2 &0 T)A»LaY
WMBEEIED.

Theorem not_False : ~ False.

Proof.
unfold not. intros H. destruct H. Qed.

Theorem contradiction_implies_anything :
forall P Q : Prop, (P /\ "P) —> Q.
Proof.
intros P Q [HP HNP].
unfold not in HNP.
apply HNP in HP. destruct HP. Qed.
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& E DEEA (2)

Theorem double_neg : forall P : Prop,
P -> 7P,

Proof.
intros P H. unfold not.
intros G. apply G. apply H. Qed.
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TF=
x<>yld-(x=y)DIZ&:

Notation "x <> y" := (7 (x = y)) : type_scope.

Theorem zero_not_one : 0 <> 1.
Proof.
unfold not. (* expands to (0 = 1) -> False %)
intros contra. discriminate contra.
Qed.
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Theorem not_true_is_false : forall b : bool,

b <> true -> b = false.
Proof.

intros [] H. (* implictly destruct b *)

- (* b = true *)
unfold not in H.
apply ex_falso_quodlibet.

(* or use tactic exfalso. *)

apply H. reflexivity.

- (x b = false *)
reflexivity.

Qed.
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° nﬁﬂ% aF
» BE( [H21)
. BE ([FiE))
B (FE)EBFE( [~ThRW] )

> il 2

> aﬁﬁﬂ'{lﬁﬁ'ﬁ (if and only if)

» FHEER( HB2xHDEELT~])
o MEEF>ALTOVS A
o EEDF|IHA~DEA
o Coqvs. £5R
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B

T~

o B (HAZLMHE) 2R T & True
o NI : True

Lemma True_is_true : True.
Proof. apply I. Qed. J

Fﬁm BRI ZITEDL ] >HBEIC [H&THEWL
ENTTCEZET] EEVTHDIFEIFEAEETS
7'3:\1\
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BRZOAOVAMNZVHIFEFELLGW

Definition disc_fn (n: nat) : Prop :=
match n with

| 0 => True

| S _ => False

end.
Theorem disc_example : forall n, ~ (0 = S n).
Proof.

intros n H1.
assert (H2 : disc_fn 0). simpl. apply I.
rewrite H1 in H2. simpl in H2. apply H2.
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o fnEl
o nﬁﬂ% El%
» BE( [H21)

EE(TEid) )
B (FE) EBE( [~THW] )

> Al 3

> ﬁﬁﬂﬂ’ﬂﬁﬁ'ﬁ (if and only if)

» FHEER( HB2xHDEELT~])
o MEEF>ALTOVS A
o EEDF|IHA~DEA
o Coqvs. £5R
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(FRIERY) BB
R (if and only if) I¥, MAHREDERDES:

Definition iff (P Q : Prop) :=
P ->Q /\ @Q->P).
Notation "P <-> Q" := (iff P Q)

(at level 95, no associativity) : type_scope].
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FMEMEICRAT 2148

Theorem iff_sym : forall P Q : Prop,
(P <> Q) —> (Q <> P).
Proof.
intros P Q [HPQ HQP].
split.
- (x -> %) apply HQP.
- (% <= x) apply HPQ. Qed.
Qed.

&M, HBRMEEWAS, DXV iffIdhEBELORE
BE{%
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frEETD FLX] &ELTOiff

WL DHDDY VT 14 U (reflexivity, rewrite) Tl
iff 2 = EALCELDICH/RIZENTES
EEFLRW(ZM4T7Z)oO—R):

Require Import Coq.Setoids.Setoid. )
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Lemma mult_eq_O :
n *m O <> n
Lemma or_assoc : forall P

P\ (Q\/ R <> (P\/

Lemma mult_eq_O_ternary :
n*xmxxp=0<->n=0
Proof.
intros n m p.

forall n m,

0\/ m

= 0.
Q R : Prop,
Q \/ R.

forall n m p,

\/m=0\/p=0.

rewrite mult_eq_0O. rewrite mult_eq_O.

rewrite or_assoc.
reflexivity.
Qed.
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apply T <> @D &, 5] OFAZ VWK
LICEATNS.

Lemma apply_iff_example :
forall nm : nat, n *m=0->n=0\/m=0
Proof.
intros n m H. apply mult_eq_0O. apply H.
Qed.
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° nﬁﬂ% aF
» BE( [H21)
. BE(TH72141)
B (FE) EBE( [~TRV )
!

» SRIERYEME (if and only if)
- BEEL( THB2xDPEELT~])

o AT OYI A
o EEDF|IHA~DEA
o Coqvs. £5R
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F1EE1L aka F=1b
Ix : X.P 8 X DEE x HEEL T P

Lemma four_is_even:

exists n : nat, 4 = n + n.
Proof.

exists 2. reflexivity.
Qed.

o [TFIEMDEIM] (witness) ZIEE T % exists
o BIEHME, ZTOMMIME P ZHYT I & %At
5
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FESENSAIHL D
XARICTFEIEEZIL Ix.P D% BE51 destruct Z{FD
o (EFIEHMSAW) IFEDER] x &
o TNMMEPZHLY, EWVWIIRE
NEbhs
Theorem exists_example_2 : forall n,
(exists m, n = 4 + m) —>
(exists o, n = 2 + 0).
Proof.
intros n H.
destruct H as [m Hm].
(* witness IC intro /XY — YV THREIZDITD *)
exists (2 + m). apply Hm. Qed.

v
S ael
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Logic.v

G

MBS ST
SEEFE-/-T7OTT A
EIEDE|I A DEA

Coq vs. &R
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fnRa 7 IR 9 B IFIEEEX
(x ITVRANI DEXRTHD] CEEXRITBRNOGE

Fixpoint In {A : Type}
(x : A) (1 : list A) : Prop :=
match 1 with

| [ => False
| x> :: 17 =>x> =x\/ Inx 1’
end.

o x IIFE—FEREFLLV, Tk,
o x IFBE-EFREZELL, /1L
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Example In_example_1 : In 4 [1; 2; 3; 4; 5].
Proof.
simpl. right. right. right. left.
reflexivity.
Qed.
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Example In_example_2 : forall n,
Inn [2; 4] -> exists n’, n =2 * n’.
Proof.
simpl.
intros n H. destruct H as [H1 | [H2 |
- exists 1. rewrite <- H1l. reflexivity.
- exists 2. rewrite <- H2. reflexivity.
Qed.

[117.

@ RANMLTZ intro /XY —V
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Theorem In_map :
forall (A B : Type)
(f : A->B) (1 : list A) (x : A),
Inx 1 ->
In (f x) (map f 1).
Proof.
intros A B f 1 x.
induction 1 as [|x’ 1’ IH1’].
- (* 1 = nil, contradiction *)
simpl. intros [].
- (x1=x"::1" %)
simpl. intros [H | H].
+ rewrite H. left. reflexivity.
+ right. apply IH1’. apply H.
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BREZESEABERIEINLESREEH S

o [HALMICIEFE S BRLMEIFAWL

o RDETHKD NFMHNARMEEE] 2/ T
» CNICEHERM - @AL' H %
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Logic.v

G

IRl S T
mEEF--TOTS A
EIEDE|I A DEA

Coq vs. &R
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EFRAE B —HR T — 4
Check OV Y~ RDEE)

Coq < Check 1.
1
: nat

Coq < Check add_comm.
add_comm
: forall mnm : nat, n + m=m+ n

o EELOTVRN?
o FEDXEMHI-DEMIADETHEIDLD ?

o Hik--
» add_comm | TEFBRA 7oz Ml EWHTFT—4
(2E:1)

» BERRA TV U N DB E
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B — ai@gl?

BETFr—9DEVWAEZRET S
@ nat ->nat -> nat

» 3™f=D®D nat Z5|WELTHA B &, nat HMEH
n3

o VX : Type, X > X
» BT Z8|ELTEZSE, T>T BHOBHED
ToNn3
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Rz L) V)BT <HED

en=m->n+n=m-+m
» n=m DIRZZ|IHE L THEZA B &,
n+n=m+m OIALFESNBI?
eVn:nat,2*xn=n++n
- B, BIZIES Z3|ELTEADE
2x5=5+5 DIAIELNBI?

Coq < Check (add_comm 3).
add_comm 3
: forall m : mat, 3 +m=m+ 3

Coq < Check (add_comm 3 5).
add_comm 3 5
:3+565=5+23
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B LEDOR A A > 725EER AN = =T

Lemma add_comm3_take3 :

forallnmp, n+ (m+ p) = (p +m) + n.

Proof.
intros n m p.
rewrite add_comm.
rewrite (add_comm m p).
reflexivity.

Qed.

assert 2fFYLYILAVYIMTLL?
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(5 assert % {8 > 7/=5EHA)

Lemma add_comm3_take?2 :

forallnmp, n+ (m+ p) = (p +m) + n.

Proof.
intros n m p.
rewrite add_comm.
assert (H: m+p=p+m.
{ rewrite add_comm. reflexivity. }
rewrite H.
reflexivity.
Qed.
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BUD (NTIHIZAR)

Theorem in_not_nil :
forall A (x : A) (1 : list A),
Inx1->1< [].

(* x = 42 ITFHILLEXE *)

Lemma in_not_nil_42 :

forall 1 : list mat, In 42 1 -> 1 <> [].

Proof.
intros 1 H.
apply in_not_nil. (* doesn’t work! *)
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42 DEERIE
ENTHEHFEILREDZFE>TLRLIW,
apply in_not_nil with (x := 42). apply H.
apply in_not_nil in H. apply H.

apply (in_not_nil nat 42). apply H.
apply (in_not_nil _ _ _ H).

SHOFBBATEN LD LR CHEH (RSN
ZOHEEFTRRNTTH)
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Logic.v

fRa

MBS T

A E-/-TOT S A
EEDB| A~ DEH

Coq vs. L&A

- B DN IEM

- fRE & ElAE

» TELERIE vs. HERNRIERIE
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%A'—. £?

o x NEE X DEXRTHS
» 2 [FBEODEESEDERTH S
o x [IME X Zim/cd (& X(x) NKILT D)

Definition ev (n:nat) : Prop :=
even n = true.

Check (ev 2).
ev 2 : Prop (*x 2 [JBETH B =)

Coq DFRIBEEGMIIUTWVWEINEELEVEDH S
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R DFEL X
Coq COBEMDEFEL IDEE J

fog: X>YHELLWEL fog

o «— IFFBMICLBEL X

(fun x => 3 + x) = (fun x => (pred 4) + x).

Example function_equality_ex1 :
Proof. reflexivity. Qed. ‘
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BHMTOEAMODELIDESR

def

f,g: X > Y DBEFELWL < Vx € X, f(x) = g(x)

o ABADEREITHD
o FABD AL (extensionalitiy) [RIEE& H L.

Example function_equality_ex2 :
(fun x => x + 1) = (fun x => 1 + x).
Proof.
(x Stuck *)

Abort.
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SIEHEDARIEDIEN
Axiom 3<% N (GEERZ: L TEA 2 dpEDIEN)
Axiom functional_extensionality :

forall {X Y: Type} {f g : X -> Y},
(forall (x:X), fx=gx) > f =g.

Example function_equality_ex2 :
(fun x => x + 1) = (fun x => 1 + x).
Proof.

apply functional_extensionality. intros x.
apply add_comm.
Qed.
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e

Q rewrite add_comm TEERTI LM >7=D?

A fun x DAMAIDLRZ &, x + 1 IF (BEDDWVWE)R
TIRBEWDTHYARDIRDTT (x HXARIC 7R
D T).

EHEEHRE (ZD 6) December 13, 2022 56 /74



REBOEMITDONT

o MTEMNATHEML TLLDIFTIERL

o KRAFET S (ATHIAATE S) EMRM

o FEHELABWI EERTDIFAE

o ABDAEMELEBIFEMLTEFELAWVWI &EHA
bhTW3

@ Print Assumptions EIEH. T, EIEDIRAIC
BEoREADLIS
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Logic.v

P RE

mIRkE e

A E-/-TOT S A
EIEDBIHADEA

Coq vs. L&A

» BRI M

- A & BiafE

- HELERIE vs. HERHIERIE
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iR & EaE

ME &SRR 2 A DD E: BEAIE (bool) & M

(Prop)
Bl1: nl3BHTHS

@ even n M true %R

o % k "FTEL T, double k =n

ZDIFE, MDDEWAHIIEM

Definition Even x := exists k : nat, x = double

Theorem even_bool_prop : forall n,
even n = true <-> Even n.

BE{&4{E even n |Z%E Even n (DE) %
JRBR (reflect) LTW3, &WD
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B2 B m & m IEHELW
o FAIEH L ny =?2my P true %IRRT
@ Nf =M

Theorem eqb_eq : forall nl n2 : nat,
(nl =7 n2) = true <-> nl = n2. J
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finl vs EiA1E

o [beqg.nat n m = true Zi;RY] T &hbho7KkE
(7T, EERRDIZICH T Y fo/z/aW

o —A,ln=m] THBZELDHBE rewrite T
BE2ENTES

o MICHE(FIZIE n=m)id7 075 L (HIZIEFif
DEHEFEBRE) THEZRL

(x THIEFT X1 %)

Definition is_even_prime n :=
if n = 2 then true
else false.

» BZONTBOEBZHET 5 —RNQRFTE
(ZITY XL D RWZ & &EHERK
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o HHETHETEZHETE Prop TR LA HE
BIIESTERHEAEEL
- Bl XFH s AERIRE R ICT Y FT3 (08
3 )
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Proof by reflection

SEE, ThARMT 2EBERCESRACT, 78
& > THBRT 3.
DS D (?) 8

Example even_1000 : Even 1000.
Proof. unfold Even.
exists 500. (* £9 k ZRDIF 3 %)
reflexivity. Qed.
reflection | & % EIEFA
Example even_1000’’ : Even 1000.
Proof. apply even_bool_prop. reflexivity. Qed.

— % IC reflection IC&L BEEBHD A D, MY BfICA D
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Example not_even_1001 : even 1001 = false.

Proof. reflexivity. Qed.

Example not_even_1001’ : ~“(Even 1001).
Proof. unfold Even.

rewrite <- even_bool_prop.

unfold not.

simpl.

intro H.

discriminate H.
Qed.

even_bool_prop Z LR WEERAIZEEL £ D -
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WICEREED =" HYE L LM

Lemma plus_eqb_example : forall n m p : nat,
n=7"m=true ->n +p="m+ p = true.

Proof.

intros n m p H.

rewrite eqb_eq in H.

rewrite H.

rewrite eqb_eq.

reflexivity.
Qed.

o RIRICK > THED =" LEBEETOYEE
Vea0DOHNIY
o NIREEIFATRICII DT I =V Y
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Logic.v

fRa

BB )
mEEF--TOTS A
DA DEM

Coq vs. L&A

» BN

» fRR & BiAE

» TELERIE vs. HERNHIERIE
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Hip 2
[EABRBBETETOEENTED E S MBI
T3]

Definition excluded_middle :=
forall P : Prop, P \/ ~ P. J

I& Coq TILEERAT I 7L
o FFBRY BIIIFICIIDE, BE - BEE L L ZARY
%M left, right TEXQIFTNITUNFARL
o MNELLEMAIELIVWMNE P ICIKET HDT—H
KX H 7L
» b, BAONIHECERZHET 5 — K
BRAEE(FZILTY XL)HRWT & EFE%k
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R X h R (1)
E/A{ET reflect TEX 2358

Theorem restricted_excluded_middle :
forall P b,
(P <-> b = true) -> P \/ ~ P.
Proof.
intros P b H. destruct b.
- left. rewrite H. reflexivity.
- right. rewrite H.
intros contra. destruct contra.
Qed.
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BRE S 7 e (2)
ZSICDWTOHERE:

Theorem restricted_excluded_middle_eq :
forall (nm : nat), n =m \/ n <> m.
Proof.
intros n m.
apply
(restricted_excluded_middle (n = m)

(n =7 m)).

symmetry.

apply eqgb_eq.
Qed.
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tE R HYEREE (constructive logic)

LS LW EL T - £V T,
o F1E (Ix, P x) DEIBAN TE /25, [Ah P #imid
DH] HFEFARICEDITHT I ENTE 3.
» BRI TP Zii=d b =15 (BRT 5)
NELH B
- (B %Z TEELAVWDIFARVL] TEEFES
ngw — BIRE0 HEEOCEE] 1)
o WIZ, W DO DAL HEEE (BEIC K > TEAFRA
BE) IR B

o HIPEZFR D\ RIE : #BEKHGR
o HihfE% (EEDEHREIC) B B3 IE o SRR

(classical logic)

=
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BRBI TR WTFIEEERR DO B

ab "EEMTH B LD REBHODME a, b D
BEET

(GEBR) V2 HEBMTHS. L, 2 NEENA
51, a=b=+V2 EThiIELW. 5 TRITNI,
a=v2" b=v3etre,

ab=v2V2 = VP =2k, HEEICRD.
(EZCHRREG DO Y ETH?)
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*ﬁﬁkﬁq IET Linlb\&bfd\ \Aﬂh@ﬁfg

D EBEDBRE (RBEDLIEHE)

ERDWE P ICOWT, P OEEEREL TFED
Bl37b PTHD, EWoTLW

Theorem classic_double_neg : forall P : Prop,
“"P -> P.
Proof.
intros P H. unfold not in H.
(* But now what? There is no way to
"invent" evidence for [P]. x)
Abort.
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HARBIERIE TIEARIL LA LW BERIEN
If

o /X—X Al (Peirce's law): ((P->Q)->P)->P
o HEHpE: PV P
» 122L, ——(P V —=P) I&KiL
o K- EIHVAI(D—ER):
» (P ADQ)>PVQ
o (P -> Q) -> (—|P\/ Q)
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WEE:  / FE710:30 FEY)

@ Exercise: and_assoc (2), contrapositive (2),
not_both_true_and_false (1),
or_distributes_over_and (3), dist_exists_or
(2), In_app_iff (2), logical_connectives (2)

o EEMNEAINT Logic.v %& origin/master IC push
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