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BARADRT
BIEA N D (L) DAV A NSV 5 FEBER

Inductive natprod : Type :=
| pair (nl1 n2 : nat).

o AVAKNZ VANV EDLITDE
e pair: BAENcD% & > T natprod =5
» pair 1 2 : natprod
» pair (4 + 3) 2 : natprod
» natprod BOX (DfE) I$4T pair M N D%
LTwW3

e product --- (fB®D) T HI b &
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e BExrOEY B LB

Definition fst (p : natprod) : nat :=
match p with
| pair x y => x (x NI —2VDHFEE! *)
end.

Definition snd (p : natprod) : nat :=
match p with
| pair x y => y
end.

o fst -+ HB—EIF (first projection)
@ snd - % Z5I5 (second projection)
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Notation Il & % RIEN/KRFELEDEA
Notation "( x , y )" := (pair x y).

Definition fst’ (p : natprod) : nat :=
match p with
| (x,y) =>x (x NI—VUTHFEZ B! %)
end.

Definition swap_pair (p : natprod) : natprod :

match p with

| (x,y) => (y,x)
end.

EHEHRE (2D 3) November 2, 2021

5/51



RTICEY R E DA

EIE: Surjectivity of pairing
EE®D p: natprod &, TDHE— - FEHEOMEEF
LW (7205, MefFREFEHICEOTNDS. ) |

Coq ICLBRITZED1

Theorem surjective_pairing’ :
forall (n m : nat),
(n,m) = (fst (n,m), snd (n,m)).
Proof. reflexivity. Qed.
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L YUBRABRNE
FD?2

Theorem surjective_pairing :
forall (p : natprod), p = (fst p, snd p).
Proof.

intros p. destruct p as [n m]. reflexivity.

Qed.

o VEDLMRWITNEZEDT
» natprod XS THDE (n,m) ZLTW3B
o B =EHBEANT B4 hO/NsF—2
» BEIC induction ORBITHTETWE T A
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JARMERE?
(5D (BER) Z—FHEREDREFY ERT
T—%5
)X NDEY FA:
o YR b (nil) « TDOY R O (1-h)
o BFDY X MDEBEANER%ZIEMT % (cons)
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BRI X NDEE

Inductive natlist : Type :=
| nil
| cons (n : nat) (1 : natlist).

(BAE) Y X bDEY 7:

e B XK (nil) XYV RAMNTH S

o BAM n ZBHAY A~ 1 OEFEHIEMLAETD
(cons n 1) [TV R KTH B

B E DBEDREISER!
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') A MEREC

e cons DXbLY DERFZEHEEEREF n :: |
o ERAFNEIBRE [n; m; ...]
s v 774N EBEGRUCE [[ b s &b LW

UTRETELY R M Z2EZELTWS:

Definition mylistl := 1 :: (2 :: (3 :: nil)).
Definition mylist2 := 1 :: 2 :: 3 :: nil.
Definition mylist3 := [1;2;3].

EHEEHRE (2D 3) November 2, 2021 11 / 51



) A MEVEREEN(1): repeat
n B count EIAT) X

Fixpoint repeat (n count : nat) : natlist :=
match count with

| 0 => T[]
| S count’ => n :: (repeat n count’)
end.

5E .
let rec repeat n count =
if count = O then []
else n :: repeat n (count - 1)
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) A MEEEREEN(2): length

JZA MDERE:

Fixpoint length (1l:natlist)
match 1 with

| nil => 0
| h :: t => S (length t)
end.

5%

let rec length 1 =
match 1 with
0 ->0
| _ :: t => length t + 1

: nat :

SHEERE (2D 3)

November 2, 2021

13 / 51



YA MEHBEIT SRR EEET 5TV

o 7OVUSLEELHII, ANABIERLEAT, Zh
TRHEANMICRZIRENEIERT S
» ARETHNIL Example DIREINTWVWE &
o BEAXII nil DIFEE h :: t DIFEDT
» ) ARNBIBDEHRH 2156, EE5THEDITA
TEOIMUFELWC &EDH D = BARATREMS
%3
eh :: t DBE, t ICHLTHBIRFEVCHL % LK
ROEK)ZTOTSLIFRBVWTELSERLS
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) R M EEVEREEN(3): app(end)
) R b DiE#E

Fixpoint app (11 12 : natlist) : natlist :=
match 11 with

| nil  => 12
| h :: £t =>h :: (app t 12)
end.

ZE.

let rec append 11 12 =
match 11 with
| [0 -> 12
| h :: £t ->h :: (append t 12)
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app 11 12 @ (BfEHE) PEELE: 11 ++ 12

Example test_appl: [1;2;3] ++ [4] = [1;2;3;4].
Example test_app2: nil ++ [4;5] = [4;5].
Example test_app3: [1;2;3] ++ nil = [1;2;3].
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) 2 MRVEEAZL(4): hd, tl

Definition hd (default:nat) (l:natlist) : nat
match 1 with
| nil => default
| h :: t =>nh
end.
Definition tl (l:natlist) : natlist :=
match 1 with
| nil => nil
| h :: t =t
end.

@ BN nil TH O TCHEIS—ICTIRLVDTEHAR
{E (default) =iRY
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) A~ vs BAE

Inductive natlist : Type :=
| nil
| cons (n : nat) (1 : natlist).

&

Inductive nat : Type :=
| O
| S (n : nat).

o BEREHEMEL T, BELITRNIZAL!
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') X b vs B (2)

Fixpoint app (11 12 : natlist) : natlist :=
match 11 with

| nil => 12
| cons h t => cons h (app t 12)
end.

&

Fixpoint plus (n m : nat) : nat :=
match n with
| 0 =>m
| Sn’” => S (plus n’ m)
end.

v
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Bkl £ SEE

Theorem nil_app : forall l:natlist,
] ++1 =1.

Proof.
intros 1. reflexivity. Qed.

BAMODRBR LEERBUTUTIEZ D BEETIEAL.

Theorem app_nil_r : forall l:natlist,
1 ++ [1 =1.

(HEEDL)
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M EDHITIC & DEERH

Theorem tl_length_pred : forall l:natlist,
pred (length 1) = length (t1l 1).

Proof.
intros 1. destruct 1 as [| n 1’] eqn:E.

- (x 1 = nil *)
reflexivity.

- (x1=consn 1l %)
reflexivity. Qed.

e M hANY—VT1l=n::1 ZKRIELTWS
o HBE L eqn ZENTWS

November 2, 2021
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) X MCET %A
P(l) # (BRE) VRN IZODWTRRRAEMBEET S

)R MMIET B IFHEDRIE

[EEDY RN 1IZTD2WT P(1)] 1T ERE

e P(nil) »D

o FEDBEARE n, YAN I IZDWVWT P(I') aiid
P(n::I")

BR3BAaRTEEST, P(n::I")ZTRTDIC, V&

DENMNVYRANTIF PAKILLTWEZE (DFY

P(I) AREL T L

o P(I') --- TIB#IEDIRE] (induction hypothesis, IH)
& N
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B8 - L HERMIRWE

P(n) #BABOMEICOVWTRR/MEET S
HFRIEIE DRI

[EEDOBERE n IZDWT P(n)l FATFERE
e P(0) ™D
o EFEMBEARE n’ IZDWT P(n') B5IE P(S n')

BR2BENITEEST, P(Sn)ERTDIC, V&

DINIVWHTIE PARIZLTWBZ & (DFY

P(r')) ZIREL TLW

o P(n') = TIEHUEDIRE] (induction hypothesis, IH)
& I,
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++ DFEET

Theorem app_assoc : forall 11 12 13 : natlist,

(11 ++ 12) ++ 13 = 11 ++ (12 ++ 13).
Proof.
intros 11 12 13.
induction 11 as [| n 11’ IH11’].
- (* 11 = nil *)
reflexivity.
- (x 11 = cons n 11’ *)
simpl. rewrite -> IH11’. reflexivity.

Qed.

o ELEDHESRDIPELEL THLD!
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app DIEEEDHARGEIC K SEEHA

EE: EED I1,12,13 IZDWT

(/11 ++ 12) ++ 13 =11 ++ (/12 ++ I3) T
D

EEER: 11 ICD W T DIRHNE.

o /11 =1[] DFA.

(01 ++ 12) ++ 13 =[] ++ (12 ++ [I3)

ERYBENDHEBD, Ihid ++ DERLYEALH. |
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o /11 =n::11" DIFE. =L,
(11 ++ 12) ++ [3 = (1’ ++ (12 ++ I3)
&9 5.
((n::11) ++ 12) ++ [3 = (n::11) ++ (12 ++ I3)
ERTRENH DD, ++ DEHRLY, Thid
n:: (11" ++ 12) ++ 13) = n:: (11" ++ (12 ++ 13))
ERE. ThXBWEDIRELYEESH. (GERAHR)
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HFMIFHEIC L S EEEA D BT

E: EEDBEARE n ICDWT P(n)
BERR: n ICRET 2EMNIFEICL 5.
o n=0 DIFAE:
...... P(0) DEERR -
o n=S(n) DEA, =EL P(n) EF :
...... P(S(n’)) MIEBR -+
(- IFHEDIRE L Y )
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)R NMICET B IFMNEICK DEEER D&
i

EE: EFEDYV AN 1IZD2WT P(I)
SERR: 1 ICBEY BIRIIEICEL 5.
o | =[] DIFE
...... P([1) DIERR -
o l=n::I'DFE, L P(I') £T5:
...... P(n::I") OFEBR -
(- IRIEDIRE L Y -+)
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OV LEMEH: )R bDRER

Fixpoint rev (l:natlist) : natlist :=
match 1 with

| nil => nil
| h :: t => rev t ++ [h]
end.

o BAICERZIEIMT HDIC append ZfFE>TW 3B
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Theorem rev_length_firsttry :
forall 1 : natlist,
length (rev 1) = length 1.
Proof.
intros 1. induction 1 as [| n 1’ IH1’].
= &L= [ =)
reflexivity.
- (x1=mn: 1" %)
simpl.
(x S (FWT—)b:
length (rev 1’ ++ n) = S (length 1’) *)

@ F~ | append & length OREMRICEAL TMAHRL
TULVRLN
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IOV fBZIL TN

Theorem app_length : forall 11 12 : natlist,
length (11 ++ 12) = (length 11)+(length 12).
Proof.
intros 11 12.
induction 11 as [| n 11’ IH11’].
- (*x 11 = nil %)
reflexivity.
- (* 11 = cons n 11’ %)
simpl. rewrite -> IH11’. reflexivity.

Qed. ]

DFELLT-INFIYDL—MIE(?) LEEEICAR ST
W5
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- RETE B

Theorem rev_length : forall 1 : natlist,
length (rev 1) = length 1.
Proof.
intros 1. induction 1 as [| n 1’ IH1’].
- (x 1 = nil %)
reflexivity.
- (x 1 = cons *)
simpl. rewrite -> app_length.
simpl. rewrite -> IHl1’. rewrite add_comm.

reflexivity. Qed.
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FERREBR (T 77— 3 v])
g2 Ia KRN —V a3y
frE: EED 11,12 IIxF L
length (11 ++ 12) = length I1 + length 2
ThHsb.

BEAA: 11 ICEAT B UmiNiE. (LR length (3 len &
B&9. )
o I1 =[] DBA.

len ([1 ++ 12) = len [] + len I2
ERTELHBD, I ++,len,+ DEE L
Y ER 5 DN

o
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11 =n::11" OFE. =LKL,
len (11" +4 12) = len 11" + len I2
95, IZT
len ((n::11") ++4+ 12) = len (n::11") + len 12

ERSMENDHDZD, +H,len,+ DEELY, &
nix

S(len(11" ++12)) = S(len 11’ + len 12)

CRETHY, TRIBHEOREL YELA. (G
BRHR)
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EE: FEOU XN TICHL
length (rev 1) = length |
FERR: 1 I D W T DIRHRIE.

length (rev [1) = length []

ERIWMENDHBH, N rev, length DEZ &
Y BR 5 D,
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o | =n::I'"7z/2L, length (rev I') = length I' &
9 5.

length (rev (n::1')) = length (n::I')

ERTIELH BN, rev, length DEFZLY, Z
niE

length ((rev I') ++ [n]) = S (length I')
EEME. BIDMELY, hi
length (rev I') + 1 = S (length I')

EEET, Ihid+ DOXXH|E, IFINWEDREDRE &
Y BF 5 BN
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FMRIR(T7—Ya>v2)
Hhh>TWBABEITDERE/NN—Y 3>

EH: EFEDY RN TIIHL
length (rev 1) = length |

F9, length (I +4 [n]) = S (length]) TH 3 (Z
NiE HICET2RMEICEL D) ZEICFRT R E, &
DEERIFNICETBR/INETRT I ENTES. KIS
| =n::I'DBET, LOUEZBIWEDRE &HEH
BhETES.

ELLHAVVHNINRR - FAFICLDED, OVEFTK
LICEBNDETIIMRABRAY AN ZF>TLIEI W,
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EF <> K: Search

o HIICEERA L. EEDEZRIRATEA TV O
@ Search foo. &M B E “foo” ICAT 2 EEAIR
LT N3B!

e proofgeneral 785 C-c C-a C-a THME, MBRFHR
& C-c C-; TR—APMNTES.
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SearchDFEWEHEHN N
FLLRBERPHEEZRTCEIW

@ Search (_ + _ = _ + _).

@ Search (_ + = + _) inside Induction.

@ Search (?x + 7y = 7y + 7x).
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TS 3 R
[~HhE LA ng)

Inductive natoption : Type :=
| Some (n: nat)
| None.

@ Some 5
@ Some 42
@ None
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7o avBEOFEWNE

JZARND n EEDER%ZRI AL nth
e N MRKIFTXBHFICEILAELWLWWN?

Fixpoint nth_bad (1l:natlist) (n:nat) : nat :=
match 1 with
| nil => 42 (* arbitrary! *)

| a :: 1’ => match n with
| 0 => a
| S n’> => nth_bad 1’ n’
end

end.
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73 VEAEFED &

o 3 DIMIRYIEART Some
o MYMMIRYEARWNT &A/RT None

Fixpoint nth_error (l:natlist) (n:nat)

. natoption :=

match 1 with

| nil => None

| a :: 1’ => match n with
| 0 => Some a
| S n’ => nth_error 1’ n’
end
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FZHZ: if-then—else

| a :: 17 => if n =7 0 then Some a
else nth_error 1’ (pred n)

@ EIld bool LIFTRL, AVANZTIININE=DD
inductive type R SATHFEZ 5!
» EETCOIRHBIKE

* —HBBEHDIAVARNS VY75 then 81, —FBLS else f

o N —VICLBEDERYHLIEFTERWL
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A BIR
id DD nat NDERDER (dictionary, key—value pair,
R R~ (association list) & )

Inductive id : Type :=
| Id (n : nat).

Definition egb_id (x1 x2 : id) :=
match x1, x2 with
| Id n1, Id n2 => nl =? n2
end.

id: AERRIIEANLED, BLEREIRITET, F
LIDLBREIFHTES
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HABEHROT— 5 H

Inductive partial_map : Type :=
| empty
| record (i : id) (v : nat) (m : partial_map)

e empty: ZZDEIR
e record: EAFEDER m IC i — v ZIEBI
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B{RDEF

dix = v] " x%ZvICEL, x QAL d ICE-TE
T &5 2ER

Definition update (d : partial_map)
(x : id) (value : nat)
: partial_map :=
record x value d.

e update: BIRDERT = LA DIEM
» ACIdDAZEULERNASEITEZD?
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TRIZIRZR find

Fixpoint find (x : id) (d : partial_map)
. natoption :=
match d with
| empty => None
| record y v 4’ => if eqb_id x y
then Some v

else find x d’
end.

@ HINLATWOTHIOHT x B DIFALEIHD v
HIRTDT, ZELLE x BERBEROPICH->TE
EifsRANA
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T\RE : 11/ F809:00 #Ht]

@ Exercise: snd_fst_is_swap (1), list_funs (2),
list_exercises (3), egblist (2), hd_error (2)
(Z Dt IEFEEERRE)
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