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oy e

Coq T, @D (7OVZLERAULLK)IED—E.
“Prop” Bl ZHFD.

Coq < Check 3=3.
3 =3
: Prop
Coq < Check (forall nm :nat, n +m =m + n).
forall nm : nat, n + m=m + n
: Prop
Coq < Check (forall (n:nat) (b:bool), n = b).
Toplevel input, characters 36-37:
> Check (forall (n:nat) (b:bool), n = b).
S -

Error:
In environment
n : nat
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-
— 1=
7-\_ ;l./,

A Prop %D # TOIEMNKT N LA A EE

Coq < Check 2=3.
2=23
: Prop
Coq < Check (forall (n:nat), n = 2).

forall n : nat, n =2
: Prop
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mEAZERY B

Definition plus_fact : Prop := 2 + 2 = 4.

Theorem plus_fact_is_true : plus_fact.
Proof. reflexivity. Qed.
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INTGA—=HIEINTME

HEE (predicate) & (F, Bl Z=ZIFEN > TaEZIRY
ESE

Coq < Definition is_three (n : nat) : Prop :=
n = 3.
1s_three is defined

Coq < Check is_three.
15_three
: mat -> Prop

n=mifeqn m DEXFEK:

Coq < Check Qeq.
Oeq

: forall A : Type, A -> A -> Prop
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Definition injective {A B} (f

forall x y :

Lemma succ_inj
Proof.

intros n m H. injection H as H1. apply H1.

Qed.

A, fx==Ffy ->x

injective S.

: A -> B) :=

=y.
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Logic.v

o iR
MR F
- EE( D21)
» BE(TF/&F])
. 12 - FEEBE( [~TRW])

- smIERYIEE (if and only if)
» FREEIL( 5 xDFELT~])
o REAEF-ATOVI A
o TEHDF|FADIEHA
o Coq vs. £5&m
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JEE (conjunction)

A/\B - TAHDD B]J

o A/\ B %9 57=ICIF A & B =ZNETNiE
B9 %

o split ¥V T 4v P TaA—ILEXZDIZHE

Example and_example : 3 + 4 =7 /\ 2 x 2 = 4.

Proof.
split.
- (x 3+ 4 =7 %) reflexivity.
- (* 2 + 2 =4 %) reflexivity.
Qed.
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EEDEA
Lemma and_intro : forall A B : Prop,
A ->B ->A /\ B.
Proof.
intros A B HA HB. split.
- apply HA.
- apply HB.
Qed.

o MEERDWMEA BICDWTI X (BELHL)HH
» THREKRIEATEZIN?
@ split & apply and intro (A U.
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HEEDNSMAHILD

REICH D A /\ B |F destruct TH7=DDIRE A &
B IIDfETE 5.

Lemma and_example2 : forall n m: nat,
n=0/\m=0->n+m=0.

Proof.
intros n m H.
destruct H as [Hn Hm].
rewrite Hn. rewrite Hm.
reflexivity.

Qed.
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EE =B L TRDIWND

Lemma and_example3 :

forallnm : nat, n +m =0 ->n *xm = 0.
Proof.

(* WORKED IN CLASS *)

intros n m H.

apply and_exercise in H.

destruct H as [Hn Hm].

rewrite Hn. reflexivity.

Qed.
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AETL conjunct Z1ET 3

Lemma projl : forall P Q : Prop,
P/\Q —->P.

Proof.
intros P Q H. destruct H as [HP _].
apply HP. Qed.
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Logic.v

o fNEd
o MIBMES
» EE( I5D2])
- BE( TF7131)
12 FBEBRE([~TRW] )

v

- smIERYIEE (if and only if)
» FREEIL( 5 xDFELT~])
o REAEF-ATOVI A
o TEHDF|FADIEHA
o Coq vs. £5&m
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¥ 5 (disjunction)

A\/ B - TAZF7-lEB]
[F7213] DEAIET D ICIE destruct THERD T
=9 5:

Lemma or_example : forall n m: nat,
n=0\/m=0->nx*m-=0.
Proof.
intros n m H. destruct H as [Hn | Hm].
- (% Here, n = 0 %)
rewrite Hn. reflexivity.
- (x Here, m = 0 *)
rewrite Hm. rewrite <- mult_n_0.
reflexivity.
Qed.
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EEDEAN
Y9074y left & right

Lemma or_intro :

forall A B : Prop, A -> A \/ B.
Proof.

intros A B HA. left. apply HA. Qed.

Lemma zero_or_succ :

forall n : nat, n = 0 \/ n = S (pred n).
Proof.

intros [In].

- left. reflexivity.

- right. reflexivity.
Qed.
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e MiEd
o MBS
L ES([HD])

» EBE(TFREF])
s R FEEBE( [~TRRW])
« FEES (ZL AW

- FRIERIEME (if and only if)

» BEEL( THExHEELT~] )
o MMEAEMFSALTOYI A
o EIEDB|HADEA
e Coqvs. £5

bl

A+EZE (FEKRE) EHEEHRE (2D 6) December 15, 2020 17 /72



BEEFE
[P TidRW] (=P, ~ P)DES

Definition not (P:Prop) := P -> False.
(x False: [FE] MAl ZRITRIRDWE *)
(x [P TREAW] =P ZRETDEFET S *)

(* not : Prop -> Prop
A Z X T > Tz IRIEAH *)

Notation "~ x" := (not x) : type_scope.
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JEFER
FEDSHATE VN B:

Theorem ex_falso_quodlibet : forall (P:Prop),
False -> P.

Proof.
intros P contra.
destruct contra. Qed.

@ C Z T destruct & discriminate & [EFRARE =
» discriminate IEFBELEFICHED

» W AEWDERIEE D D LS (IndProp H 7
Y2)ICEGEDMS
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5 % DEERA (1)

BEDIRI (False 2B 2 &0 T)A»LaYy

DMHELRZES.

Theorem not_False : ~ False.

Proof.
unfold not. intros H. destruct H. Qed.

Theorem contradiction_implies_anything :
forall P Q : Prop, (P /\ "P) -> Q.
Proof.
intros P Q [HP HNP].
unfold not in HNP.
apply HNP in HP. destruct HP. Qed.
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& E DEEA (2)

Theorem double_neg : forall P : Prop,
P -> 7P,

Proof.
intros P H. unfold not.
intros G. apply G. apply H. Qed.
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TF=
x<>yldax=y) DI &:

Notation "x <> y" := (7 (x = y)) : type_scope.

Theorem zero_not_one : 0 <> 1.

(* expands to (0 = 1) -> False *)
Proof.

intros contra. discriminate contra.
Qed.
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Theorem not_true_is_false : forall b : bool,

b <> true -> b = false.
Proof.

intros [] H. (* implictly destruct b *)

- (*x b = true x*)
unfold not in H.
apply ex_falso_quodlibet.

(* or use tactic exfalso. *)

apply H. reflexivity.

- (x b = false x*)
reflexivity.

Qed.
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Logic.v

o fipia

o MBS F
» ES( IHD])
» TS ( TF7F])

» B - FBEBRE( [~TRRW] )
B

- FIEHYEME (if and only if)
» FHEER( HB2xHDEELT~])
o MEEF>ALTOVS A
o EEDF|IHA~DEA
o Coqvs. £5R
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B

o B (HAZMHE) 2R T & True
o NI : True

Lemma True_is_true : True.
Proof. apply I. Qed. J

[EVERIZDITEN ] 2HBEIL THETHEW
BNTTCEFET] EEVNTHBIFEHRTI AL
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Logic.v

o fipia

o MBS F
» ES( IHD])
» TS ( TF7F])

» B - FBEBRE( [~TRRW] )
=1

» SWIERIEME (if and only if)
» FHEER( HB2xHDEELT~])
o MEEF>ALTOVS A
o EEDF|IHA~DEA
o Coqvs. £5R
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(FRIERY) BB
[EE (if and only if) I, WMAMADEEDEES:

Definition iff (P Q : Prop) :=
P ->Q /\ @Q-—>P).
Notation "P <-> Q" := (iff P Q)

(at level 95, no associativity) : type_scope.
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FMEMEICRAT 2148

Theorem iff_sym : forall P Q : Prop,
(P <> Q) —> (Q <—> P).
Proof.
intros P Q [HPQ HQP].
split.
- (x => %) apply HQP.
- (% <= %) apply HPQ. Qed.
Qed.

R, HERBEEL WA D - iff [$eeELORERR
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frEETD FLX] &ELTOiff

WL DHDDY VT 14 U (reflexivity, rewrite) Tl
iff 2 = EALCELDICH/RIZENTES
EEFLRW (4T3 )oO—R):

Require Import Coq.Setoids.Setoid. J
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Lemma mult_O : forall n m,
n*xm=0<->n=0\/m=0.

Lemma or_assoc : forall P Q R : Prop,

P\ (Q\/ R <> (P \/ Q \/R.

Lemma mult_0_3 : forall n m p,

n*xm*xp=0<>n=0\/m=0\/p-=0.

Proof.
intros n m p.
rewrite mult_0. rewrite mult_O.
rewrite or_assoc.
reflexivity.
Qed.
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apply T <> p@% D &, [ 5] OFAEZ VWK
LICEATNS.

Lemma apply_iff_example :
forall nm : nat, n *m=0->n=0\/m=0
Proof.
intros n m H. apply mult_O. apply H.
Qed.
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Logic.v

o fipyRA
o MIBIESTF
» BE( [H21)

- BE(TFRIF])
s B FBEBE( [~TARW])

» MEIEBY[EME (if and only if)

» FREEIL( 5 xDFELT~])
o MBAF-ATOVS A
o TEHDF|FADIEHA

o Coqvs. £5R
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F1EE1L aka F=1b
Ix : X.P 8 X DEE x HEEL T P

Lemma four_is_even:

exists n : nat, 4 = n + n.
Proof.

exists 2. reflexivity.
Qed.

o [TFIEMDEIM] (witness) ZIEET % exists
o BIEHME, ZTOMMIME P ZHYT I & %At
5
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FESENSAIHL D
XARICTFEIEEZIL Ix.P D% BE51 destruct Z{FD
o (EFIEHMSAW) IFEDER] x &
o TNMMEPZHLY, EWVWIIRE
NEbhs
Theorem exists_example_2 : forall n,
(exists m, n = 4 + m) —->
(exists o, n = 2 + 0).
Proof.
intros n H.
destruct H as [m Hm].
(* witness IC intro /XY —V THREIZDITD *)
exists (2 + m). apply Hm. Qed.

v
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Logic.v

G

MBS ST
SEEFE-/-T7OTT A
EIEDE|I A DEA

Coq vs. &R
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fnRa 7 IR 9 B IFIEEEX
(x ITVRANI DEXRTHD] CEEXRITBRNOGE

Fixpoint In {A : Type}
(x : A) (1 : list A) : Prop :=
match 1 with

| [ => False
| x> :: 17 => x> =x\/ Inx 1’
end.

o x IIFE—FEREFLLV, Tk,
o x IFBE-EFREZELL, /1L
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Example In_example_1 : In 4 [1; 2; 3; 4; 5].
Proof.
simpl. right. right. right. left.
reflexivity.
Qed.
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Example In_example_2 : forall n,

Inn [2; 4] -> exists n’, n =2 *x n’.
Proof.

simpl.

intros n H. destruct H as [H1 | [H2 | [1]].

- exists 1. rewrite <- Hl. reflexivity.
- exists 2. rewrite <- H2. reflexivity.
Qed.

@ RANMLTZ intro /XY —
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Theorem In_map :

forall (A B : Type) (f : A -> B) (1 : list A)

Inx 1 >
In (f x) (map £ 1).
Proof.
intros A B f 1 x.
induction 1 as [|x’> 1’ IH1’].
- (* 1 = nil, contradiction *)
simpl. intros [].
- (x1=x" ::1" %)
simpl. intros [H | H].

+ rewrite H. left. reflexivity.

+ right. apply IH1’. apply H.
Qed.

vy
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BREZESEABERIEINLESREEH S

o [HALMICIEFE S BRLMEIFAWL

o RDETHKD NFMHNARMEEE] 2/ T
» CNICEHERM - @AL' H %
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Logic.v

G

IRl S T
mEEF--TOTS A
EIEDE|I A DEA

Coq vs. &R
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EFRAE B —HR T — 4
Check OV Y~ RDEE)

Coq < Check 1.
1
: nat
Coq < Check plus_comnm.
plus_comm
: forall mnm : nat, n + m=m+ n

o HEELIOTYRN?
o EEDXHEMNHINELMMHODETHZHNIDLD ?
o El&-
» plus_comm (& [EERRA 7 U b EWDHT—%
(2E:1)
» SEFAA 72z MOBII MR
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B — api@gl?

BETFr—9DEVWAEZRET S
@ nat ->nat -> nat

» 3™f=D®D nat Z5|WELTHA S &, nat HMEH
n3

o VX : Type, X > X
» BT Z8|ELTEZASE, T->TBHOBHED
ToNn3
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Rz L) V)BT <HED

eNnN=m->n+n=m-+m
»n=m DIR%ZF|IHELTEAB &,
n+n=m-+mDIAIFFLNDBI?
e Vn:nat,2xn=n-+n
- B, BIZIE5 28I LTEABLE
2%5=5+5 DiANGELNB!?

Coq < Check (plus_comm 3).
plus_comm 3
: forall m : mat, 3 +m=m+ 3

Coq < Check (plus_comm 3 5).
plus_comm 3 5
:3+5=5+23
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B LEDOR A A > 725EER AN = =T

Lemma plus_comm3_take3d :

forallnmp, n+ (m+p) = (p +m) + n.
Proof.

intros n m p.

rewrite plus_comm.

rewrite (plus_comm m p).

reflexivity.
Qed.

assert 2fFYLXYILAVYIMTLL?
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(assert 7 {¥ > 7=EIEFR)

Lemma plus_comm3_take?2
forallnmp, n+ (m+p) = (p +m) + n.
Proof.
intros n m p.
rewrite plus_comm.
assert (H:m+p=p+m.
{ rewrite plus_comm. reflexivity. }
rewrite H.
reflexivity.
Qed.
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BUD (NTIHIZAR)

Theorem in_not_nil
forall A (x : A) (1 : list A),
Inx1->1< [].

(x x = 42 IZFMELTEXE %)
Lemma in_not_nil_42 :

forall 1 : list nat, In 42 1 > 1 <> [].
Proof.

intros 1 H.

apply in_not_nil. (* doesn’t work! *)

EHEEHRE (2D 6) December 15, 2020

47 /72



42 DEERIE
ENTHEHFEILREDZFE>TLRLIW,
apply in_not_nil with (x := 42). apply H.
apply in_not_nil in H. apply H.

apply (in_not_nil nat 42). apply H.
apply (in_not_nil _ _ _ H).

SHOFRBATEN LD LR CHEH (RSN
ZOHEEFTRRNTTH)

EHEEHRE (2D 6) December 15, 2020 48 /72



Logic.v

fRa

MBS T

A E-/-TOT S A
EEDB| A~ DEH

Coq vs. L&A

- B DN IEM

- fRE & ElAE

» TELERIE vs. HERNRIERIE
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%L\'—. EE?

o x NEE X DEXRTHS
» 2 IXBBDEESDERTH S
o x [IME X Zim/cd (& X(x) NILY D)

Definition ev (n:nat) : Prop :=
evenb n = true.

Check (ev 2).
ev 2 : Prop (x 2 [JBETH B =)

Coq DIRIBEEGSMIIUTWVWENEELEVEDH S
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R DFEL X
Coq COREMDEFEL IDEE ‘

f.g X>YHELWEL Ffog

o «— IFFBMICLBEL X

(fun x => 3 + x) = (fun x => (pred 4) + x).

Example function_equality_ex1 :
Proof. reflexivity. Qed. j
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BMCORABDEFEL IDESR
F,g: X o Y NELW LD vx e X, f(x) = g(x)
o AHMADREARBRKEITHS
o FEEIDHIENM (extensionalitiy) RIE & LN D.

Example function_equality_ex2 :
(fun x => x + 1) = (fun x => 1 + x).
Proof.
(x Stuck *)

Abort.
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SIEHEDARIEDIEN
Axiom 3<% N (GEERZR L TEA 2 dpEDIENN)
Axiom functional_extensionality :

forall {X Y: Type} {f g : X —> Y},
(forall (x:X), f x=gx) > f =g.

Example function_equality_ex2 :
(fun x => x + 1) = (fun x => 1 + x).
Proof.

apply functional_extensionality. intros x.
apply plus_comm.
Qed.
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e

Q rewrite plus_comm CHERTERMN>ZD?
A fun x DAMAIDLRZ &, x + 1 IF (B DWVWAE)R
TIFBEVWDTHYAIRDTTY (x DXXARICENDT).
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REBOEMITDONT

o MTEMNATHEML TLLDIFTIERL

o KRAFET S (ATHIAATE S) EMRM

o FEHELABWI EERTDIFAE

o ABDAEMELEBIFEMLTEFELAWVWI &EHA
bhTW3

@ Print Assumptions EIEH. T, EIEDIRAIC
BEoREADLIS

EHEEHRE (2D 6) December 15, 2020 55 /72



Logic.v

P RE

mIRkE e

A E-/-TOT S A
EIEDBIHADEA

Coq vs. L&A

» BRI M

- A & BiafE

- HELERIE vs. HERHIERIE
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iR & EaE

ME &SRR 2 A DD E: BEAE (bool) & M

(Prop)
Bl1: nl3BHTHS

@ evenb n B true %#1RY

o % k "FTEL T, double k =n

ZDIFE, MDDEWAHIIEM

Definition even x := exists k : nat, x = doubWe

Theorem even_bool_prop : forall n,
evenb n = true <-> even n.

BE1{&{E evenb n £ 78 even n (DEB) %
JRBR (reflect) LTW3, &WD
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Bl2: B n & mIFZHELW
e n="m7M true %R7
en=m

Theorem beq_nat_true_iff : forall n m : nat,
(n =7 m) = true <-> n = m. J
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finl vs EIA1E

o [beqg.nat n m = true =iR9] T &bk E
7T, EERADIZICH T Y Fo/z/aW

o —A,ln=m] THBZEDDHBE rewrite T
BE2ENTES

o MICHE(FIZIE n=m)id7 075 L (HIZIEFif
DEHEFEBRE) THEZRL

(x ThIEFT X1 %)

Definition is_even_prime n :=
if n = 2 then true
else false.

» BZONTBOEBZHET 5 —RNQRFTE
(ZITY XL D RWZ & &EHERK
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o HHETHETEZHETE Prop TR LA HE
BIIESTERHEAEEL
- Bl XFH s AERIRE R ICT Y FT3 (08
3 )
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Proof by reflection

SEE, ThARMT 2EBERCESRACT, 78
& > THBRT 3.
DS D (?) 8

Example even_1000 : even 1000.
Proof. unfold even.

exists 500. (* £9 k ZRDIF 3 %)
reflexivity. Qed.

reflection (C & % EiFER

Example even_1000 : even 1000.
Proof. apply even_bool_prop. reflexivity. Qed.

— % IC reflection ICK BEEBHD A D, MY BflICA D
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Example not_even_1001 : evenb 1001 = false.

Proof. reflexivity. Qed.

Example not_even_1001’ : ~(even 1001).
Proof. unfold even.

rewrite <- even_bool_prop.

unfold not.

simpl.

intro H.

discriminate H.
Qed.

even_bool_prop Z{EH R WGERAISEHE L E D -
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WICEREED “=" HYE L LM

Lemma plus_eqb_example : forall n m p : nat,
n=7"m=true ->n +p="m+ p = true.

Proof.

intros n m p H.

rewrite eqb_eq in H.

rewrite H.

rewrite eqb_eq.

reflexivity.
Qed.

o RIRICK > THED =" LEBEETOYEE
Vea0DOHNIY
o NIREEIFATRICII DT I =V Y
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Logic.v

fRa

BB )
mEEF--TOTS A
DA DEM

Coq vs. L&A

» BN

» fRR & BiAE

» TELERIE vs. HERNHIERIE
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Hip 2
[EABRBBETETOEENTED E S MBI
T3]

Definition excluded_middle :=
forall P : Prop, P \/ ™ P. J

I& Coq TILEERAT E 7L
o FFBRY BIIIFICIIDE, BE - BEE L L ZARY
%M left, right TEEQIFTNITUMFARL
o MNELLEMAIELIVWMNE P ICIKET HDT—H
KX H 7L
» b, BAONIHECERZHET 5 — K
BRAEE(FZILTY XL)HRWT & EFE%k
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BRE & 7 e (1)
E/A{ET reflect TEX 2558

Theorem restricted_excluded_middle :
forall P b,
(P <> b = true) -> P \/ ~ P.
Proof.
intros P b H. destruct b.
- left. rewrite H. reflexivity.
- right. rewrite H.
intros contra. destruct contra.
Qed.
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BRE X 7= HEFR AR (2)
ZSICDOWTOHERE:

Theorem restricted_excluded_middle_
forall (nm : nat), n = m \/ n <> m.

Proof.
intros n m.
apply
(restricted_excluded_middle (n
(n
symmetry.
apply eqgb_eq.
Qed.

eq :

= m)
=7 m)).
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tE R HYEREE (constructive logic)

LS LW EL T - £V T,
o F1E (Ix, P x) DEIBAN TE /25, [Ah P #imid
DH] HFEFARICEDITHT I ENTE 3.
» BRI TP Zii=d b =15 (BRT 5)
NELH B
- (B %Z TEELAVWDIFARVL] TEEFES
niw)
o WIZ, W DO DAL HEEE (BEIC K > TEAFRA
BE) IR B

o HthiR% SR NRIE : HERRENE
o HithiR% (EROGHEIC) B 5 I@ L

(classical logic)
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BRBI TR WTFIEEERR DO B

ab D"EEHTH B L D LEEHOMHE a, b B
F1ET 5

(GEB8) v2 BREBRTHD. B L, V2 HEEES
S5iE, a=b=+2 ETnIELV. S TRIFNEL,

a=v3lb-iEFDeE,

b=V r, BENMICLED.

(EZTHRREEG S DY FTH?)
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*ﬁﬁkﬁq IET Linlb\&bfd\ \Aﬂh@ﬁfg

D EBEDBRE (RBEDLIEHE)

ERDWE P ICOWT, P OEEEREL TFED
Bl37b PTHD, EWoTLW

Theorem classic_double_neg : forall P : Prop,
“"P -> P.
Proof.
intros P H. unfold not in H.
(* But now what? There is no way to
"invent" evidence for [P]. *)
Abort.
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FERXBVERIE TIXRRIL U 7\ i B IR
/\fi

o /X— XAl (Peirce's law): (P ->Q)->P)->P
o HEFhfE: PV P
- 1272 L, —l—l(P \V4 —|P) =454va
o N - EIHVAI(D—ER):
> _I(_|P/\_|Q)_>P\/Q
o (P -> Q) -> (—IP\/ Q)
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WEE:  / FE710:30 FEY)

@ Exercise: and_assoc (2), contrapositive (2),
not_both_true_and_false (1),
or_distributes_over_and (3), dist_exists_or
(2), In_app_iff (2), logical_connectives (2)

o AENEAINT Logic.v %& origin/master I push

o LRI MIC TERRE6] &\ D ARIDHH issue % 1E
X L AT Z BREE:

- BE - EBICET2EM, bAYILKWERLE
&, TOMKICARBZE. (TRICARLL EF X
TY. )

» REICBZTEL 25, TDOANDER, HOE
F (web 72 &) Z#5FEICLIBE, TOBRHRIE
(URL %2 &).
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