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Compute (&2 T 0TI LDFEF, BV T4V simpl (2L 2D RDOEHAED LS IR IND
», F7zreflexivity & flio CAEMIAKII T 250 (T8DB=DMIAN [FL W] LiFES WS Z
L) & &Y IEREIZERT B 72D1Z, Coq D (FHZT BT 5 I VTSI D) R—ALB>TNSH
T H BN T A AEHE (typed A-calculus) ZEAT 5.

“calculus” ® U <& computational calculus & 1%, ( M#EdrF] TIEARL) TEHBEAER] LvwS, G
BOv A& XRITHERWIHSHAD Z LT, 0T T A (B —BIELUZIH (term) LIFIEND £ D) DZ
iftc 52T, ThEHETOR AL RMES, LWHIFRITHNTNS.

1 BRBOMEEFRE

FPUEEZ L UT S, 0 TREINDERBICHTHME - FEZEHAEMAKRL UTRETLII L
EHERD.

1.1 ED#EX
IHOHES Terms 1 BNF Z2ffio TUTFDLSIZEHEINS.

(terms) M,N € Terms == 0
| SM
| M+N
| Mx*xN

¥, ¥ 27t¥ (successor, IROE), RURENTREO IHEEZIHE UTHE XS, FHINIIEREIC
FHEXEEATIEIROD, #EeRTZOIHEMEAT L. FHlo2WEE, REFMES Y BAEE!
U, E508E4EG2THD. /7, SS0IES0ICS EaNIEALEDL UNGEALI BRVDE

M+ N *xPlZM+ (N * P) 2537,
M+ N +Plx, (M+N)+P%, M*xN*Pl¥ (Mx* N) x P#%, ®9.



A, BTITDNDHDHEZZAT, fHillz20T, S (80 £ELILIZTD. £/, sM IF +,
* $ Y EMAEARTD.

1.2 B

B (reduction) & 1%, FHEOBANIHE > THOBMAZTS 2L 27, FIAIE, RUREOHA]
EUTIE 0+SO0MNS0IZRD, LWoEZENEZLND. IhE

0+8S0 — SO
S0*x(0+sS0) — S0x*xsSO0

DL, KHIZE->TERT. BFEIZIL, £E Terms EO IHELGE — C Terms x Terms % &
ATBHILilAD. “H M,N »ZOBRTHERMNTLNTVWEZLE M — N &FEHL. EHEWY
BERIE TM 2127y 7T N IZERING] LWS ZeTHD. iBEGROELT, LRIh
% 853V % BRI E (reder)(reducible expression DHE) &5,

FERIBILR I HERRIR RN (inference rule) ELIFIEND A2 HE>THAONS. MUFIE, TEAREH M
WIKRHLUTE, 0+ M — M EWOBBEPENTE] Ze2RTHmBNTHS.

0+ M—M (R-PLusZ)

AU EDNZ R-PLUSZ I3HERMAIOARITH D, ZOHERMANE, M IEEEXRNRED%EH
TIEH 2 Z & TEANBRIEDOBOBEFRZEL ZODOBBROMHMIE - 7> L — e UTHKETS. il
X, M =8 0 :3hi,

0+S8S0—S0

METBHL, M=S (S (S 0) &3,
0+S (S(80))—8 (S (s0))

MNET 5.
ZTOMD R UE, NIRIZETIHANZLATO@EY THD. HRFED Coq TO plus, mult DFE
FLOMIEZE R TE >TIELLW.

SM)+N—S (M + N) (R-PLusS)
0 M—0 (R-MuLTZ)
S M)* N— N+ Mx*x N (R-MurLtS)

ZNHDHAIZHES &,
S0+S0—S (0+S0)

S0*xS0—S0+0x380

38 M+N ¥ (S M)+N %/R”7.



EWV o 2 BRME TS,
ZOEDIINE - FEOEAWHEATY TE2#HRFAIE UTEREHTE 22, ZNH5DAELDOIRD
HEATY T UTHRIZEEXIND

S(0 +8S0)—S(D
%
S0+0*xS0—S0+0
D&, RO (BDX (subexpression) L) IZHAIZ HTIED TEHHEZHED D & S 5 BI%
%, EOBAIZFTIRELS ZLIETERY. 2O &S BENHOMK % RIS 572012, HIRIEUT
D& BHAZEAT L.
M — M’
SM—s M

(RC-Suco)

ZHE, TNETOHAIEE Y, KEEDPOIPNTEFD ETIZM — N OFERELNTNWS., 2
ik

EBROBBNEALBL, TROBBEESHLTEIL
EWDEIRT, LRIZTEROBGREESHITZOOMRSEMALZ>THS. HIRIT,
M = 0+S0
M’ = so0
L9HE, ZOHAN,

0+S0—SO0OPVRELES
S(0+S0)—S8S (S0 ZV-oTHLW

EWDH Z T, BHRSMEIFHEA] R-PLUsZ 26/~ XNnbDT, #5&H SO +s0) —S (S0 %
WoOTEIWIZRS., Z0LD7R,

1. #iH] R-PLusZ &V (1) 0+ S0—8S 0
2. EOBfR (1) &#HH] RC-Succ &V s (0 +80) — S (S0
LD, BREMERT S OO MmEE %

R-PLusZ

0+S0—80 RC-SUCC

S@+s0)—s (s0)

EVS A Z M DRIT - TRET D 2D D, (—BITITHANHIRRSAE 2 E D > TH
DPNTIHEEHDHDT) ZD XD REKEZBHAK (derivation tree), F7/zIEHIZEH (derivation)
E ISR,

Z ORI RC-Succ 1%, BHERIZHD ZHTNWZNDEDDIZ SO 220 THRNERIZH D,
TRDOL S O HEMHLTHaERE UTHNBERKRICHS Z 2R TS, ARG % HOM
HEDHETD L, #RELUT,



fifEIX ENEBIEATEHELTE LW
EWVWD T RRTILIIBRDL. HRHDMNZRF T ODRANIATD LS I285.

M — M’

SM s (RC-Succ)
M — M’

M N S M N (RC-PrusL)
N — N’

M N oM N (RC-PLUSR)
M — M’

M N M s N (RC-MurtL)
N — N’

(RC-MuLTR)

M x N— M *= N’
FEME 1.1 LFOHE M; I2D2WT, M; — N; LRDIH N; 22 CEIT L. 72, BROEHAR
=1y
e M;=S0+ (S0=*S0)
e M;=(S0+8S0) * (S(S0)+S0)
e M3=S (S(S(S0)) +0

BB 1.2 £7/2,S (S 0) * S OMEHINTS (S 0) ITARDME(2T)%, 8 (S0) xS 0—
M; — My---—S (S 0) £4% M,; 25129252 L TxrY.

1.3 TILFRTy B, BHICEDCEDFL X

ETEAULZ — 28 217, XSSO0 —* & «— 22 H>TEHTD. M —* N
& TM % 0EELE (BRE) fSfd5L N BMEO5NE] LWOBFR, M+— NIX TM »6, 1
TERMELUTHINZRYETE N MELND] L 0O BBTHS.

M+— M (EQ-REFL)
M —*M (MR-REFL) M —s M’
M (Ba-Oxe)
M —s M’ A
M —*M M —— M’
—_ (EQ-Symm)
M—*M M —*M” M7= M
— (MR-TRANS)
M —"M M+ M M «—— M"
(EQ-TRANS)
M +— M"”



WlziE, SO0 +S0—*S(S0)®, 0+S(S0)«+—>S0+S0&WVo-ERENELTS.
FEERME 1.3S0+S0—*S (S0) ODEHKEET.
HEERME 1.4S (S0 +0+—0+ 8 (S0) DEHAZES.

—* I MR-REFL ¥ MR-TRANS 250022 & D 1IN OB AR THD. L EREIC
& — 2ECBRU/NO KNI ZER, Tabb, — ORSMHERBRIES (reflevive transtivie
closure) THhd. F7z, +— I¥ EQ-REFL, EQ-SyMM, EQ-TRANS 5052 K DI KHH, KHR
#y, MO BELR, D&Y RMERSR (equivalence relation) TH 5.

—* 1% Coq TD Compute X simpl (2 &2 RDHMMLZET WAL ZBRTHD. £/, «— &
reflexivity T [F LW LHWINDHDOBKEET VLU TWD. EHE0 S IXEHEITHTAIN
BN, FEIX, M«+— N ThHdIer, M & N OFFEMER (NI NU EEERNEZAF
THED-IH, ERF (normal form) LW D) NEUCIHTH S Z LIXFAMETH 5.

AIBREFTI LY NEH 2 I THROHIZEARNZBERBUIZOWTONE - #EZERL TV D,
R Z RS ZODITIE M L\\Worz, H-BE2RTZOD L] 2FHoT0aEA, Zhiddh £
THAGETOFHDZOITEAL RS THhD. Fxld, HRFEZMH->T, BAENZEREIZONWT
OME - FEKXDOSFEEZHAL TS DI, B[S 55E% A 9 558 (meta language), #iHA
INTVD SFEEZTREEE (object language) LS. M DEDBRARSFEMNOHREFED [£0D]
2 URT /2O D B % X ¥ ZH metavariable £\ 5. —J, Coq DO T T LIZBNTIE, B
BDINTA—=B%RKGT /DI n, b VOB EZ[MESD, ZHIIHREEIIBTLIEHMTHD (XX
BHEXEMNT 272012, TOTT LB, NRSEOEH, RELVWDZLEHD).

2 FEA#HETLYEE TLYEE

TOT I MIENT, &S8R - FHEFIEIEROEM THEITR 5 LRI, BB TR E
2EELT, X FHOBMHEZKD ZEVR—RNTHL. HFETE

2 + %1 + 20%7

LEIMADYIT,
f2)+ f(7) + f(20) 772U f(z) =2*xn

EEFE, ROFBUNEL RS, ZIT 2 iFNT A=K EEEN, HLNDHHTIZE > TERZ S
DeRIKEHZ2H>THWD.

BB, (RFLED ?) BFTIIEADEEZME>T AL HIDONDOESE] L UTHRA
20, TAIPOHNZHETEA] LI RALTHDICEENTHS. ZDO& D% TFHEARERE
B 2O -ODOHEDO L ONNEE - T LATEFE (M-calculus) THY, TOHLEBRDLDNT A
SELE L IS BBOFIETH 5.

T LRFEE, MNNTA=ZV (X)) LWIET 8T A—=2% AN UTROFEEREZH L
THEE 2RETL. LOFID fldAva?r LESZENTED. 20T AXGLHEOREINZA fUE,

TOBBERIZAN 2 D FICHEBE KRBT 2L TED



EWVWOFTHD. 2k, BEEOMSZTOED LI 2 D02 WO T A% T Z &2
TE5.

7 NAEIEIC K BB TS R 5 A R (BB EEAT S, &0»)), BB 139 A-4%
FELHTEMK(L (instantiate) §2HZ & ] THDIIENTED. T4bL, f= va’n &35,

F2) + f(7) + £(20)
(E#EED) = (za’n)(2)+ f(7) + £(20)
(x & 2 TRRME) = 2%m+ £(7) + £(20)

= 4537

LD HEG (RHE) WRIBEICAR S, T AKEIEOKRRIE, T AXIEIC LD, BIBGEAICK S8
T A =R EBROMAMA (DA) ZARITEBRLZEDTHY, FIZ, NIA—KEHR (ThERA
(substitution) CIAR) ZENERATY TTHD, LWHIGHELD.

T LBERIZE TS ZOFEATY T SR N, PAFD &S B %= (KA TRINS.

(\z.M[z])N — M[N]

ZIT, M,NZ70r7os5%KkL, z 3EBOL2KRTTLEETHD. Kt M[z] ® M[N] &

(OfELA ED) TR ] BEWALZIH M 2% X, TONRKRIZ 2 ® N 2 ANEZEDERLTWS.

CNEFET BT, o ZIREIE - NTA—Z e THHBZELGH N ITEHTL L, #HReUT, B

AR M pDINT A= (DETOHBE) IZ N 2RALZEDIZRDE, LW ZLazR LTS,
ENOL I NE))

(Az.2?7)(2) 4+ f(7) + f(20) — 227w+ f(7) + f(20)

EWVD AT TN BIEHIOHNZ R > TN S.

3 BNSLYEE

B S LS EHE (typed N-calculus) 1, T AZEHRIZ Coq IZROND &5 BRBIOBMREEAL S
DTHD. (A4 Coq bfﬁéﬁ'ﬁbﬁﬁtﬁﬂiﬁb\flﬂé, EWVND NI, )BT LAXGFREIE, T
LA (R XD RBRE R G AL THRMEL T A XG5 (untyped A-calculus)) &IES) &k, 70
7T LhDOHERIFSE T O FE L,\’Cﬁ)é CEHT, FREAREFREABROMBEL 24D () — - N
7 — ROFEBEXG] EEEND R G252 KELREKRTHD.

RS ARFHEIZE, MEUTEDEIBEDEZZ DML > TRA BN T—a U nidh D,
ZTOHTELAEIL LT, nat, bool D& S RFHIH{H T (primitive type, BIEREY (base type) £ \V5 Z &
) LEBIL (DAR) 2F 2 DRIN T LA X R % BB S L YETE (simply typed \-calculus)* &I
. i Coq TWS &, KK Basics.v & Induction.v DEPHTE N7 T T 5 AN T .

THAIRIA T A AL Lo 25 AITIE, BEICIE, BEIRBIE (P, BAICE o T, nat, bool THB!) EHF AL
WZ ERL. AREDEHEARI Plotkin 0) PCF &IFIEN % GHEMARITE.



3.1 B, SLSHDOEX
F9, BMAN S AXFHBRIZE TR (type) & 5 LY TE (A-term)>% LA RD BNF TE#T 5.

(types) S, T nat
bool

S->T

(variables) x,y € {ab, ...}
(terms) M, N

\

\

| match M with 0 => N7 | S ¢ => N3 end
| true

| false

| if M then N;j else Na

| funax:T => M

| fix x(y:8):T := M

‘ My M,

o MX UTIE, HARBOM nat, EMMHEDI bool, LB S>T 2E2%. 2D S #5150,
T %Z\‘g’f@}j&tb\5lt7§)&)é -> iiﬁﬁéé—‘;—é W”K).Ci, T, —>T5 ->T3 ‘iTl -> (T2 —>T3)
D 2_’.—(3’00, (Tl ->T2) ->T3 TIERW,

o IHEUTIE, 2%, HARBODIAVANT VAL natch ICLDGE7T, BBV ANT 4L
If IZEKBGERT (INETOMLTES RS natch My with true => My | false => M3 end
EEPNDSED), BIE (fun), FHIREEE (fix), BEBEMHZEZ 5. BIHOR L Coq IZHD
BTV, ZLOXHETIE, M\ : T.M tENND.

o MO SEZTOEDLEBIZLREIZ DT WD TAZUMTIENTIE] E N2
RIS U T,

Definition f (n:nat) (m:nat) : bool := ...
D & 574 Coq DEEEREIZ

Definition f : nat -> nat -> bool :=

fun (n:nat) => fun (m:nat) => ...
DL THD.

o M% - IRBEIEFEINZ T DIMIIZ DT BRWIRY TEREITEEIXL Tind. F/-B%uEH
FEMETD. IR,

fun n : nat => plusnn

PILBHATIE IO I LIET AKE, © U< IFBIZHEIFENS.



(F R DBEBUHT

fun n : nat => (plusn)n

DZELThHD.

o HIREH fix (y : S) : T := M & Coq D Fixpoint TEZEINDIEKIAMY TS, = 2
B (% FIRINICSIRT 5 720) AR, y W38T A =4, 8§ BNT A—2D8, T HEEARK
M ORTH5.

Fixpoint plus (n : nat) (m : nat) : nat := ...

=4

Definition plus : nat -> nat -> nat :=

(fix plus(n:nat) : nat -> nat := fun(m:nat) => ...)

LEMTHD.

Coq TlE, BWHUZBUZKITIEIET S L5 ZRBEBUNE T2V LD ZHIEEL D > TV S5,
ZZTIEZOHIBIZOWTIZIbDEW., ZD=D,

fix f(x:nat) : nat := f x

DE>7%, —HIFHING LA 5 BVEEE (Uh><) He LTRODNS.

3.2 &

e U<, FHEEREZZITENBERIEI M — N 20O ETEMIMN, M 21 A57Y 7T NIZ
flifIxNgd ] LEd. BATHEN UL BEFHAAMNIE natch ¥ if IZ X2 5E0 T OB EFR 1 A
TV TELTERINSG.

9, BRI, KRB AZESIC

(fun = : T => M[z]) N — M[N] (R-BETA)

THRIND. R-BETA 25 &, #HlZIL,

T = n
T = nat

Mlz] = match  with 0 => S0 | Sn’ => 8 (S x) end
N = 80

LI, BARRNZ ZIHE OB

(fun n : nat => match n with 0 => S 0 | Sn’> =>8 (S 1n) end) (S 0)
——smatch SO with 0=>S 0| Sn’”=>S (S (S0)) end



NEZD.
if X match OFANE B BN LANIEELHETH S,

match 0 with 0 => N7 | S @ => N2 end — N; (R-MATCHZ)
match S M with 0 => N3 | S ¢ => Na[x| end — N3[M] (R-MATCHS)
if true then N7 else Ny — N; (R-IrT)

if false then N7 else NNy — Ny (R-IFF)

EBLLDMEIIDWTE SN ZDDHMAINHEINTWTHEDITITIR>TWDd Z bbb, £/,
BHI R-MATCHS Tk, BESTORNRTHD S M DRIO (T4bH M) BWEBIZTRAINT
W5,

REISHRERONHUZRELUZHAITHS. L BEHNEIZIERUZ2HRERBET 5720
2, ERIBZ I THELSHRERZOEOPHRWSHRTH S o ITRAINS.

(fix x(y : S) : T := M[x,y]) N — M[fix (y : S) : T := M|z, y], N] (R-F1X)

HAHOK ZTF T -ODBANIZUTDO LS8 5.

M — M’
MN SN (RC-APppP1)

N — N’
(RC-ApP2)

MN — M N’

M — M’

match M with 0 => N7 | S  => N5 end
—s match M’ with 0 => Ny | S  => N> end

(RC-MATCH1)

Nl — N{
match M with 0 => N; | S & => N5 end
— match M with 0 => Ny | S @ => N3 end

(RC-MATCH2)

N2 — Né
match M with 0 => N7 | S  => N5 end
— match M with 0 => Ny | S & => N} end

(RC-MATCH3)

M — M’
(RC-IF1)
if M then N7 else Ny — if M’ then IN; else N
N1 — N{
(RC-IF2)

if M then N; else Ny — if M then NN else N»

9



Nz—)Né

(RC-IF3)
if M then N; else Ny — if M then IN; else NN,
M — M’
(RC-Fun)
funx: T => M —funxz: T = M’
M — M’
(RC-FIx)

fix x(y : S): T := M —fix x(y: S) : T := M’

BRI, EEATY 7 (0 ATy TUULE) TOMfi#ERT M —* N &, flifiz@ T HM» 15
LW Z22RTM «— N 2HAIZHi>TEHT 5.

MM (et
— (MR-REFL)
M —* M M — N
Mo N (o)
M — M’
M —" M M «— N (Eq-Svm)
S Q-SYM
M —* M’ M’ —* M" N M
— (MR-TRANS)
M —"M My «— Mo My «—— M3
Y Y (EQ-TRANS)
1< M3

M — N IXERBAIZIE, M 25 N IZEBATY TOMK (7272 LB O m & X 5 R X -
TOWTELW) THEETDZZLE2EXLTEY, Coq WBWTHMNHEZBUTELWI L 2RTHA
B R->TWD, FEE, T—IA “M = N” DI, reflexivity &> CEHHAE 79 2 DIk
WM +—— N TR ONDIHETHD. (ZOBBIKLL TS0 EHET L TIVIT) XAIZ
DNTIHERRT D, )

HEM&E 3.1 1’

M = if true then (fun n :nat => plus n n) (S 0) else (fun n :nat =>n) 0

955, MIZBLFD3DDIH

M; = (fun n :nat => plus n n) (S 0)
M, = if true then plus (S 0) (S 0) else (fun n:nat =>n)0
Mgy = if true then (fun n : nat => plus n n) (S 0) else O

RIS NS 208, M — M; (72720 i =1, 2, 3) DEHARE ZThThEHT.

HBRIE 3.2 5 AMAHTOMM (fun) BT 3IBBIKTHS. LHL, fun & ANTICTSZ
T, HEEIBERERHATLIZLNTESE., ZOT7A FF Iz ONT R L.
63 [FAfERAfR L B IEIEN S

10



R EEIRE 3.3 Basics.v IZEH LU 72 plus B Z fix 2> THL, plus (S 0) (S 0) AT
NTS (S0)IXRDitAFE%, plus (S0) (S0) — My — -+ — M, — S (S 0) &d M;
ZHIETH I L TRE.

TO7Z LADERTEEN: BNIE, BEARNIZIETOY I ADOFEFTLEHNIRDTOENDIMEL S R DM,
WL DM, 52507 0TI LADEFEIIERDZENEDHD.

9, R-BETA 2 <2 L, 20TV IIVISFETCOBBITHEL L RLY, 58N &L
TIHMEEDHEIHFINTE Y, 5IBOFHEIRDO TRV bIZEBEIFHT L ORI L HAFET
Hd. DFY,

(fun (x:nat) => match x with 0 => 0 | Sy => y) (S(a + b))
(ZZTa bldZEH) IE, 2ATY T T
a+b

I NS, £72, RC-Fun, RC-Fix #HIIE, (FR)BEBOAREKEMHHIL TINI &Z2RLTWY
5. R,

(fun (x:nat) => 0 + x) <— (fun (x:nat) => x)
NS AVAUR
Example foo : (fun (x:nat) => 0 + x) = (fun (x:nat) => x).

I reflexivity 2 CEEBHT X %.

INHDEIL, i E IO AD () FrEZDY, FEANE LNAVE, BEEO1 Y S
1 VERBRY DIV SOREOE> REDETEBLT (MLILET5) LVfiHERTOS
SA] LEGEOITTNS, LEEL.

RAEEHD TH1R] : EOHIOES &, BEBAKROEREZL TEIWI L 2F R 5L, BE%E true,
S 0D & D BEKNZMETIIEL, ZH(2ELN) THRIZLEFINTVWD I e bnd. Bl
HEFBIMINT A =BG M CEBIWMADILEZLBO LW RILEPEIS. HlZIE, £ % fun
x:nat => fun y:nat => y + x £ U, fun y:nat => f (yxy) 0 2ffif9H6 2 2FEX LS. A
BIIZIE, £ I3RLRDRLEZ BIBDIEZV>< VIBELT) 752 THD7H, fun yinat => 0
+y * yBNELNDIETTHD. UL, BHIDOATY TLUT £ (yxy) OEH O 3%, B
AKRD

fun y:nat => y + x
D x % yxy CTEIMADIEELED &,
fun yinat => y + y *x y

M5, IRD 0 2ET I LT, fun y:nat => 0 + 0 * 0 IZA>TCUL X S.

ZHE £ DNRITA=ZTHD y &, MELANIHD yx yDy ZRFEALTLE 2D THS.
T LREETIE, ZOXDRBEAMEI 255121, BBUST A -2 % U CRAZ T 5.
EDFITIX, £ % fun x:nat => fun (yO:nat) => yO + x & U/z ET B flif% 17 214,

fun yO:nat => yO + y *x y

11



WELSNT, Iz 0 THEXRE
0O+y=*y

PREON5.
7 LAERTI, EEOAETEA 2 LB OEHE LIZE - 20MEETH L. kDI ki3,
match & EMMDLEHME S Z2HEDWIUIDVTHE N R D.

3.3 BENICEAITZ2EELME

T LA EOHRICE T 2 EEAMEE, FHREIFEINOLFE DI TEMBIILEDL RN L ER
T, AR (confluence) TH 2. GIMIFLATO LS REHE UTHRNRDE ZENTES.

EE 1 (ARM) EEDHE My, My, M3 (ZxfUT, My —* My 2 My —* M3 251X, &
% My WEIEL, Moy —* My 7D Mg —* My DA RVASN

& 1 (ERH) H M HPINLLEBNTEIRY, §205, M — N 2253 N DFEELUROE,
H M EZERIE (normal form) THB, WD,

EFE 2 (ERILHRE) H M PEHFICHNTES, §4bb, M —* N (ZU N XERE) T
HBEDB N WS DI, H M IXEMLATRE (normalizable) TH S, £/, M XEHEZ
D, Vo,

BIRMENEALT 2 &, HIZHTIEMRENEXVEDTHD I LD 5.

REMEE 3.4 ARSI T2 461, HICHIIEMRENELXVEDOTHD I L 2T L.

3.4 Coq ICB T BEHDRE

AHIEHEH TR A2 &L 512, ZOffifE Coq IZH T 2EHEOMEEZRL TEHY, Compute IV R
X simpl, reflexivity & Wo/ZZFtRIZLBEEHZIT D 2DDE T T4V I DR—=AIZB 2TV 5.

reflexivity #2774V ZIFBRIZIENR/2 &L 512, S72DDHMN +— BARICH DN EFARNDHEE%
FoT\na.

Compute IV RiE, HOEMFEZRKDD/-HODDIAVYY RTHDLIETLILNTED. (£7,
AWMEDOENT T, ERBIEEA V0L DICRED. £/, BikT 2 L5110, FIBTIEREIFET
52 EEHRAEINT VD, )

simpl X7 74 7% D EF< BT E D &5 THIFHEHMILT D] LD KD RZBEHZN, Z
D I5FL] 22 LIXTHHT 2OPEMNEE L. EBE, Coq DY¥=a T IVZIZBATD & SRR T
simpl OEFEHMFHAINT VD (FRIFFEE).

These tactics apply to any goal. They try to reduce a term to something still readable
instead of fully normalizing it. They perform a sort of strong normalization with two
key differences:

()

12



In detail, the tactic simpl first applies Si-reduction. Then, it expands transparent
constants and tries to reduce further using Si-reduction. But, when no ¢ rule is applied
after unfolding then d-reductions are not applied. For instance trying to use simpl on
(plus n 0)=n changes nothing.

o FERY (1 A 2 f858)) £ 1E, match X if IZ& 2 5E7 1) (R-MATcHZ, R-MAaTcHS, R-IFT, R-IFF)
DILZEBLTND. 72, S (TIVAERN) LI, THETOEBENETEIMAD I LERL
TWwWd. OT, EOfkiEZnzwy, TBBEHRZEMLU TR %2ED 5. &4, a9 2@EE LR
Mo LEBUERREMOERMETREYT] LWVoTWa.

Bz, plus n 0 WD IHIK, F£7, plus, n, 0 TNTNIIHLT, BN EITE D L9274,
INHOMIETERNDT, ECIDEETHD. TOWRIT, E plus & TDEHRNAETER (6
flif) LT, I6IC g flifzEDsd. $5&, gifZTT

match n with

0=>0
| Sn’> =>8 (plus n’ 0)
end

EWHTHF TRET S, match OEBFIEFETEZRWDT, “when no ¢ rule is applied” DM
HHTDH. TORD, ERORMOLIAETHF Y IV INT, #H, plus n 0 IZE->TULED.

3.5 BITIFEAMR
HMOBMWNT THdZe%w M : T EL. HlZIXS 0: nat ¥

fun n:nat => match n with 0 => true | S n’ => false end : nat —-> bool

Thb. Coq THIUIHDI L Check AV Y REMOTHIDZ Z LN TE LM, ZOHEMOBER (Z
NERAITFEBREVD) DIEMRERE ATHL.

HIZEZEBBENDG 2, —MRIZITEN T BERIEZEROIZONTORER T 2 A 2 =IHBER
'FM: T UTKY. TIE : T EWVIOROEHBORESDFNITHY, XK (context) F7z1FEY
RIE (type environment)” L LIFEND. HlZIZ,

x:nat S x : nat
n:nat,b:bool - if b then n else S n : nat
n:nat - fun b:bool => if b then n else S n : bool —-> nat

EWN O BRI B
BIAHTEAMRE Mt & ARSI Z > TEZE T D Z N TE 5. BFITBERD 72O OB ANI BT 1
A (typing rule) L HIEEND. LUFD, BfFITHAITH .

TR I
' == o

EWVWOMXTERIND. KEHD o IFEIET DI LHE .
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(x: Tel)

(T-VAR)
I'tax:T
_ (T-ZERO)
I'0: nat

(T-Suco)

I' - S : nat ->nat

I' - M : nat 'EN1:T I'x :nat - No : T (x & dom(T))
(T-MATCH)
I'-match M with 0 => N7 | S => Ng end: T

(T-TRUE)

I' F true : bool
(T-FALSE)

I' - false : bool

' M : bool '-Ny: T I'-ENy: T
(T-Ir)
I' - if M then INp else N : T
Lx:SFM:T x & dom(T"
(@ ¢ dom(T)) —
'HFfunx: S => M :S->T
e:S>T, y:S+-FM:T (x & dom(T")) (y € dom(T")) (T-Fr)
-PIX
F'Hfix x(y:8S) : T := M :S5->T
'-M:S->T 'N:S

(T-Aprp)

TFMN:T
o HIHI T-MaTcH, T-IF TlX, DEBOHOFMNEL W L2 ERLTWD.

o Bl T-FuN (&2 &, BBIZEL S —>T M#2< DI, NFIA—2DM%E § £ U T (XRIZiE
MUTC), AMERIZ T BB OKKTHD Z 2D d. HIREBIZOVWTE, = OMMBLED
BEELULSRD ZLICERETNE, (FIEXEAKTDHD.
dom(T) & T DI Y OLEMIZEHND EBMN LR 2EETHD. Zud, XIRICERIZE T
BEBIISRITEMTERNZ & Z/RU TS, 2D, fun x : nat => fun x : bool => x
WIFBIDRDOMMBRNE DI Z DM, ZHEERDFY TFYDL IALHEUTAT T %2Hi>T
INT A =B DEREEZ %47\, fun x : nat => fun x0 : bool => x0 ¥ # X382 L T[T
5.

BRI BEMRE (R L ARRIC) BHARZMH>T, ZOEBVBRERITL2ON%ZHHTDL I &EMNT
5. HARIE

F fun n:nat => match n with 0 => true | S n’ => false end : nat —-> bool

8fun x0 : nat => fun x : bool => x0 TIXAL, I X IZHE. ZHOHHIZ—FBFNES22RBT5.
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DOELARIFUTFDOESIZ4S. (AR T =n:nat £95. )

Thn:nat T-VARr T - true : bool T-TRUE I'n’:nat I false : bool T-FALSE
T-MATCH

I' F match n with 0 => true | S n’ => false end : bool T-Fux
F fun n:nat => match n with 0 => true | S n’ => false end : nat -> bool ~

1B FIRE 3.5 Basics.v IZEH U7z plus B% fix 2> TRU (M &95), BAITEFR
F M : nat->nat->nat

DEHARZ ET.

3.6 BEfFICEATIEELRME

L2 (o) t@ﬂ%@@toir BIEDBNTO T I L] ZHBRTE2IENTEIDIEIIHD. [E
WOBRNTOT T A LiE, T—& - BRI U THREINTOVARWMENE 232 XD RIET

e 0 true DKL DA, BEHETIZARMAED
e if (fun x : nat => ...) then ... else ... PEBHMEUNTDIGEDLIT

MWD BRETRET L LD BRIHE WD T ENTES.
HFIRIN 5 A KZEHRIZOWTIE, BIRD TRRZER) & TRTEME] &0 S EHA LT 5.

TE 2 (BREEE)TFM : T H»2, M— M %6, TM' :T ThH5.

H M 2E#ER (canonical form) T s, LIk, M »30,S N, true, false, fun = : T => N,
HEUKI, fix z(y:8) : T := NWVWIILDEEZ LTSI LEWND.

EE 3 (RIEM) T M : T &35, LE0O M OHHHE My 1250WT, UTFABLT 5.

e My »n M; My D (f:f:b M, Liﬂ%ﬁéﬁz) 751, M; lFfun z: T = M’ £ L X
fix x(y : S : T := M' DI TH5.

e My 7 match My with 0 => Ms | S & => M3 end DOJF (272U My IFEHER) 261,
M; X0 F~l% SM OFETHD.

o My 7 if M, then My else M3 DY (272U My I3EHER) 2 61F, My idtrue U<
ld false TH 5.

RIEMENE, MENRSWAETIED S0, BRNEART S BIH (BEEE BN S BIECEH, match, if)
FEBRIZENAHED (0 true DE D RL T —LFEZAOLNDHTIIRN) 2L ZRLUTWVD.

INLDSEDODEMEZELED L, EZOXRO FTHREZRFEDHIZOWT, & UEHN»MEIET S
Zol, TOMBRELNAZIERFIE, S(...(0)...), true, false, fun = : T => N, & U <IE
fix x(y : 8) : T := N WTWDLDEE LTS Z L bnd.

X 50T, HRMIZHBEZMADZRWRY, BOODWZHEHOEHMNIEES - BT DI LIER NI &)
A5, INEEBEMEE VS, EHAEMEIZIXES - 8O 2 FEMSFEEL, MIRICAENES (RIEHR
(PRSI ERUEE 2 BT 2 NI Y L2780 BB T AKX FHHETIIE L S5 E KT 5.
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T 4 (EREM) M I2IiE fix BENT, 2D, THM: T LT 5.
1. M —* N »2, N ZZThUEIEHTEIRVES B8 N WMFEET D, (SEHEM)
2. M — My — My — - B5HDOMERI My, Ma, .. \3FEL RV, (FRIEBRLE)

Coq T, fix Z2flio TWTEHMIEFEMEZR DL D REHUNFIN TR, (BLE IR D S5k
TILED ZEMEINT NS, ) IERMLMEE SREVERLT S &, M +— N Z¥HET 2 M
PERREIZ R B

REME 3.6 MIEHMEE SRENRITD L, M +— N Z2YET L RBENREATEIZHR D DIE
BEDEIE &,

4 BB S ATEEALART
RY CHERL 72 MU 5 AT A EE RS

(types) S, T == ---|Sx*xT

(terms) M,N == ---| (My,Ms)
| match M with (x, y) => N end

match (My,M>2) with (x, y) => Nlz,y] end — N[My, Ms] (R-PMATCH)

'=M:S 'EN:T

(T-PAIR)
'-(M, N): ST

T-M:T «Th I'x:Ty,y: To-N: S (x,y & dom(T))
' match M with (z, y) => N end: S

(T-PMATCH)

5 BMEMSLAYEELERHKY AL
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5.1 X

(types) S, T  :u=
| natlist

(terms) M,N :=
|  mnil
| cons
| match M with nil => N; | cons ¢ y => N2 end

5.2 f&#
match nil with nil => Nj | cons ¢ y => N3 end — N3 (R-MATcHN)

match cons My My with nil => Nj | cons ® y => Na[x,y] end — Na[My, M>|
(R-MATcHC)

M — M’

match M with nil => N3 | cons  y => N3 end
—— match M’ with nil => N | cons & y => N3 end

(RC-MATcHL1)

N1 — N{
match M with nil => Ny | cons  y => N2 end
— match M with nil => Nj | cons  y => N2 end

(RC-MaTcHL2)

N2 — Né
match M with nil => N | cons = y => Ny end
— match M with nil => Ny | cons  y => N} end

(RC-MATCHL3)

5.3 BFIFHERI
I' F nil : natlist (T-NiL)
I' - cons : nat ->natlist ->natlist (T-Cons)

I' - M :natlist I'Ny: T
I'x : nat,y : natlist - No: T (x #y and x,y & dom(T"))
I' Fmatch M with nil => Ny | cons * y => N3 end: T

(T-MATCHL)
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