[EtE & mIE)
Software Foundations
<®dD5

h+iE =
call9@fos.kuis.kyoto-u.ac. jp
http://www.fos.kuis.kyoto-u.ac. jp/~igarashi/class/cal/

EHEEHRE (2D 5) November 19, 2019

1/63


http://www.fos.kuis.kyoto-u.ac.jp/~igarashi/class/cal/

Tactics.v: HIR

Coq DA VT AV ZICDWTILITEITD
@ apply ¥ 7974w Y

@ apply ... with ... 974w 7

@ injection & discriminate 77 4v ¥
o ¥ VT AV I ZREICHLTHED

o FMEDIREZZEAZD
(*)
(*)

EEDREH
BELRRICEAT D destruct DfEFH
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apply ¥ 074w 7

FRZEZFDL RENLT—ILABEEERDITOND
BFIC(ED

Theorem sillyl : forall (nm o p : nat),
n=m ->
[n;0] = [n;p] —>
[n;0] = [m;p].

Proof.

intros n m o p eql eq2.
rewrite <- eql.
(x T—IVIFRE eq2 &AL [n;o] = [n;pl *)
(* rewrite —> eq2. reflexivity. DfNH Y IT *)
apply eq2.
Qed.
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apply ¥ 77149 7
EREZTD2: T-IV 28 cHDRIHRFMHICHES

Theorem silly2 : forall (nm o p : nat),
n=m ->
(forall (g r : nat), q =r > [qg;0] = [r;plD
[n;0] = [m;p].
Proof.
intros n m o p eql eq2.
apply eq2. apply eql.
Qed.

o EMEBMINAIRE eq2 B q:=n, r:=m &EE&K
{EEINT n=m->[n;ol=[m;p] &L THEHNTLS
o BEMMEINAFHRFZE n = n BFARI—ILERS
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apply DfEWE

&Y —fRI,

o Q(k) Zm I MELH D

o MEED x IZDWT P(x) 7abid Q(x)1 DMLY
5L (REBELT)EIChA>TWS (A, RE
TNTW3)

o (BIKMtT B & P(k) 25  Q(k) 7dDT), P(k)
ZRTIEIILT D

EWDHERBERICHER S.
= +OFHITH> TV B!
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apply H DZE]
RE/EE H:Vxy,..

7Xm9

P1(X1, Xm) —
P (le xm) - Q(Xla-ﬂaxm)
J—Ju Q(k1y. ..y km)

U apply H

Fid—IL Pi(kiy---ykm)
(n &) :
Pa(kiy ..., km)
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J—J)L & apply DEIEDIERD < v F
i
Theorem silly3_firsttry : forall (n : nat),
true = (n =7 5) ->
((8 (8 n)) =7 7) = true.

Proof.
intros n H.

simpl.
(* Here we cannot use [apply] directly *)
Abort.
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symmetry ¥ 7 T A4V U
FADEEZUV > YiIRY

Theorem silly3 : forall (n : nat),
true = (n =7 5) ->
((S (S n)) =7 7) = true.
Proof.
intros n H.

symmetry.
simpl. (x AE: apply IFEHIEZETLITITI! *)

apply H.
Qed.

EHEEHRE (2D 5) November 19, 2019 8/63



Tactics.v

@ apply ¥ 774V 7Y

@ apply ... with ... 974w 7

@ injection & discriminate ¥ V7 4v ¥
o ¥V T AV I %REICHLTHED

o FIEDIREZZEAD

o EEDEH

o BEMMLKICET % destruct DfEFH
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apply with¥ 774w 7
BT FSDHRE

n=m->m=0 —->n-= 0.

Theorem trans_eq : forall X:Type (n m o : X),J

LY EBFMNGHICOWTDIIRATHEI & Z2E X 5.

Example trans_eq_example’
forall (a bcde f : nat),
[a;b] = [c;d] —>
[c;d] = [e;f] —>

[a;b] = [e;f].
Proof.
intros a b c d e f eql eq2.
apply trans_eq. (x TZ7—! %)
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AR 2/=DM?

e JI—JL: [a;b] = [e;f]
@ trans_eq :
forall X (nmo: X), n=m ->m =
\
o Coqg WAYDKENLEFICHNA>T MBI ;!
» X := list nat
» n:= [a;b]
» 0 := [e;f]

o FEAID m ZEDIARENMI(T—IVETFZRTE)D
AN-RANAY
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CoqicEY bx5Z % with

Example trans_eq_example’
forall (abcde f : nat),
[a;b] = [c;d] ->
[c;dl] [e;f] —->
[a;b] = [e;f].
Proof.
intros a b c d e £ eql eq2.
apply trans_eq with (m:=[c;d]).
apply eql. apply eq2.
Qed.

° =" (FABRTEBZEE
>EER&T<5&@@%W&%B@(TBOK
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Tactics.v

@ apply ¥ 774V 7Y

@ apply ... with ... %974y 7

@ injection & discriminate ¥ 77 4v ¥
o ¥V T AV I %REICHLTHED

o FIEDIREZZEAD

o EEDEH

o BEMARKICET % destruct DFEA

EHEEHRE (2D 5) November 19, 2019 13 /63



BRI OWTHEY

BARBDME:

HBan T DRE (BMENRNEDRKRT —X)

n:nat 25 n=0FkiEn=SnR%dnH
XS

OVZANZO&1E TS T1x1B8%U (injective)
FEED n,mICDO2WT Sn=Sm7&A5IE n=m.
(fEZES &)

FEED N, mIIO2VWT nE#mALIESn#S m.
BRBZIAVANZIHIFFELLL RV

EEDO nICDOVWT O#Sn(FELWELEDL, ZhiZ
FI&)
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ftLDIFHHEZ TCERAL I &
o IV ANMNZ YU HD injectivity
» EXOERICHENZE—IVRA NS85 %IEML
TH IFLI] BfREND
e ERDAVANSVIDLELNET—HIFRLT
ZFLLALARWL
MWD
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S DESH4EDIERA

Theorem S_injective : forall (n m : nat),
Sn=Sm->n=nm.

Proof.
intros n m H1.
assert (H2: n = pred (S n)). reflexivity.
rewrite H2. rewrite H1. reflexivity.

Qed.

OOV A NF T4 (cons 7 &) ICDWTE Ak
IS E DN A AE

4

BEREEEoABRIEY VT 1y J E LTIREINT
W5
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injection Y 77 4v 7

Theorem S_injective’ : forall (n m : nat),
Sn=Sm->n=nm.

Proof.
intros n m H.
injection H as Hnm.

(* XARIC Hnm : n = m AHEMINS *)

intro Hnm. apply Hnm.
Qed.

EHEEHRE (2D 5) November 19, 2019

17/63



injection DFE (1)

Theorem inversion_exl : forall (n m o : nat),
[n;m] = [0;0] -> [n] = [m].
Proof.
intros n m o H.
injection H as H1 H2.
rewrite Hl1. rewrite H2. reflexivity.
Qed.

AVAMSI79DBANFRICE D TVWTEF EHTH
LT ns!

@ [n;m] = cons n (cons m nil)
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injection DR E (2)
¥EW: injection ... as ...

Theorem inversion_ex2 : forall (n m o : nat),
[n; m] = [0o; o] => [n] = [m].
Proof.
intros n m o H.
injection H.
intros H1 H2, rewrite H1. rewrite H2. reflexi:
Qed.

as DR THEEFL D, XARISEMINTWRED,
J—ILICERDHIRE L TEIMXI NS

v

EHEEHRE (2D 5) November 19, 2019 19 /63



discriminate 4 72 74w 7

@ /DA VAMNT YV HME (true & false, 0 & S)D

FEZIEMIIL AW, DXV, FE
o REHDFEZHEMHL T, T—ILZEIEIZHEHE

Theorem eqb_0_1 : forall n,
(0 =? n) = true -> n = 0.
Proof.
intros n. destruct n as [| n’].
- (* n = 0 *) intros H. reflexivity.
- (kn=Sn’ %)
simpl. intros H. discriminate H.
Qed.

EHEEHRE (2D 5) November 19, 2019

20/63



1#&FERI: principle of explosion
FENONIEMTETES !

Theorem discriminate_exl : forall (n : nat),
Sn=0->2+2 =25,

Proof.
intros n contra. discriminate contra. (ed.

Theorem discriminate_ex2 : forall (n m : nat),
false = true -> [n] = [m].

Proof.
intros n m contra. discriminate contra. Qed:
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X &E®: injection ¥ VT4V Y

H:ca ---a,=cby --- b,

P
{ injection H as H1 ... Hn.

H1 ay = b1

H, : a, = b,

P
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discriminate ¥ 774w ¥

H:ca ---a,=db; --- b

P
|} discriminate H. (¢, d D%E D)
RENFELTWDDT, TDIT—ILIFHEH
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2V 8 injectivity D

Theorem f_equal :
forall (A B : Type) (f: A -> B) (x y: A),
x=y>fx=1%fy.

o T—ILHIEXTHIN B &oERIFED ] BEIC(E
S&, BHOBAMNT—ILICHE > TEF

o (I injection # VT 4w U LIFERBVWASEL
<fED)
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Tactics.v

@ apply ¥ 774V 7Y

@ apply ... with ... %90 74v 7

@ injection & discriminate ¥ VT4V Y
o ¥V T4y U EREICHLTHED

o IFMEDREZZEAD

o EEDEM

o HAEMLRAICET % destruct DfEMA
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FIT4v I EREICKLTED

e simpl in H: IRE H DAA % &1L
o symmetry in H{RE H:a=b%Z H:b=all
5
e apply L in H: IRE H ICRIDIRE L %ZEHA
» H: P(n) & L:Vx,P(x) > Q(x) 5
» H: Q(n) 2E<
WD AR ISER!

@ rewrite L in H: {RE L DER%ZF>TIRE H %
EXH
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AIA I HEEm & 1R A S HEER
Bi[A X #E5R (forward reasoning)
BRNOEERPHEEEVREZHEAGHLET, FILWL
HMr = 15 2 Hsw
%M X #5m (backward reasoning)
ALV (T—I) DD, The5A 5 ToREICH
% s
o JEIZH - IR ODOX B & IFERGD TIER
o Coq CO¥imiE (IFEDEALEHT) 2 TEEN
(ZHEWINE?)
e apply I¥#&M X, apply in H IFRIMAE

EHEEHRE (2D 5) November 19, 2019 27 /63



51

Theorem S_inj : forall (n m : nat) (b : bool),
((Sn) =2 Sm) =b ->
n=7"m-=b.
Proof.
intros n m b H. simpl in H. apply H. Qed.
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51

Theorem silly3’ : forall (n : nat),
((n =7 5) = true -> ((S (S n)) =7 7) = true)
->
true = (n =7 5) ->

true = ((S (S n)) =7 7).

Proof.
intros n eq H.
symmetry in H. apply eq in H. symmetry in H.
apply H. Qed.
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Tactics.v

apply ¥ 974V 7
apply ... with ... 9974y 7

injection & discriminate ¥ V7 A4Y Y

°
°
°
@ VT AY V% REICKL TS
°
°
°

IFHEDIREEZE A D
EEDREH
BEEMARICEAY % destruct D{FEHA
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Coq COIRMIEIC L BEEFADE & LIV
o Coq TIET—4HEEEZENSBAICE X 5 IFMIELA
DIFHEENELND 5L
» Q: TCoq TIIBRIFMEITFEARWVD? |
s A TEZXZFEFEWNICCWN - TRADETY
DT, D2VWDOW, ZAD)IDFWEEZFE->TLED
RIEIFNE
MEED x ITDWT P(x)] ELLTFIERME:

o EFE®D x ICDWT P(0) D - P(x —1) &L
P(x)
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Coq CTOIRMIEICL BEEFADE E LN

o LML, BWEATEIFALZZW TEED x ICDWT
P(x)l ® P DEIENA (Z1id Coq HESR) ICL 2
TIFEEEAD D < W o Y LWhviah oY 3
» Coq ICk 2 P DEVAZHNBPBENH S
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{58

I [EEDOBARAE ny,m ICDOWT

double(n) = double(m) 725X n = m|

AEPR: JRARIEIC L B.

e n=0,m=0 DFE: BHAIC
[double(n) = double(m) 725 1E n = m]

e n=0,m=S(m) DIZE: TLEH
double(n) # double(m)

o n=5(n),m=0DEa THZH
double(n) # double(m)

e n=S(n"),m=S(m') DIFE: (RDRAZA R)
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{58

e n=S(n),m=S(m') DIFE:

double(S(n’)) = double(S(m’)) Z{RET 5.

Z DB, double DEZHEL Y,

S(S(double(n’))) = S(S(double(m’))) TH 5.
I 512, S D injectivity &Y

double(n’) = double(m’) T#H %
JBHNEDIRELY n =m' TH 5

n&Y S(n’) =S(m') $7%4b5, n=m AW
Z T

00 O ©60
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i, EARIBHEE?
RIFBRBDRTICTDVWT DIRFHE!

e P(0,0)

o x > 0745 P(x,0)

oy >0H5E PO,y)

o P(x,y) 26id P(x+ 1,y + 1)

o, MEEOBAR x, y IZDWT P(x,y)] ZRL7%E
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Coq TVY2>THD

Theorem double_injective_FAILED : forall n m,

double n = double m ->
n =m.
Proof.
intros n m. induction n as [| n’].

@ ZZTOm P(n) I

double n = double m -> n = m.
@ RINITZ LW

» P(0) & P(n") — P(S(n))

» mABEEINTWSI

EHEEHRE (2D 5) November 19, 2019
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RADEDLWVWRET HH, RE
P(0) £ ¥
- (xn =0 %)
simpl. intros eq. destruct m as [| m’].

+ (x m = 0 %) reflexivity.
+ (* m = S m’ *) discriminate eq.

o mIIDWTIHFERIT. m=S(m') DiFE, ~E*%
DERWVWIT—NIZARZD, BARFIREEFET S0
T discriminate T OK

o simpl FRBLZL T 24 (FICHETIFEW)
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Js b ‘\_ ﬁ%ﬁ
vn', P(n') — P(S(r’)) Z7R9Y.
- (*n=S8n’ %)
intros eq. destruct m as [| m’].

+ (* m = 0 *) inversion eq.
+ (*m = S m’ *x) apply f_equal.

o XTOI—NIEVn',P(n') — P(S(n")) TDELDT
W<, o, IBNEDRETH S P(n') & P(S(n'))
DIREER4 double n’ = double m -> n’ = m A
XARICFE > TW5

e mICDWTIHEEDLIF. m=0 DBESIT—ELH--
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hHn?

1 focused subgoals (unfocused: 0-0)
, subgoal 1 (ID 480)

n’ : nat
m’ : nat
IHn’ : double n’ = double (S m’) -> n’ = S m’
eq : double (S n’) = double (S m’)

n’ = m’

o IHN DFE#/NM n> = m’ CHRWFI?
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AINFTHho>7=Dh

o K LEFADERFIT Coq IC (BRI AL &:
» TnymZASHADEAREELELD. TD ny,m Il
DWT double n = double m 7251 n=m ’C
HBZEHE nICDVWTDIRWETREIERD
o TOWHRDI—I:

» double 0 = double m 250 =m TH 3

» [double k = double m 725 1E k = m] »
[double (S k) = double m 7251 S k = m|
EERYTBHIE

&

(A

Sy [P(k,m) 2518, P(k+1,m)), ThiZFEZI %
230
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5 &0 EREBAREITE D T WL EEHA

e P(0,0)

o x > 0745 P(x,0)

oy > 07l P(0,y)

o P(x,y) 26id P(x+ 1,y +1)

DRHY IS

o EED y ICDWT P(0,y)

o [MEERD y IZDWT P(x,y)] &bl IEED y
IKDWT P(x+1,y)l

HRY (INIEAD D OERNIFHE)
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HARGEIC KX 5EEHH
BIGED P BEDEBRRL &S

EE: FROBEARHE n,m IZDOWT
double n = double m 73 51E n = m
EERR: n ICDWTDIRHIET EED m ICDWT
double n = double m 5l n=m ] %#7R79.
o n=0DHFE: MEEDmICTDOWVWT
double 0 = double m 251X 0 = ml] %#79. m
ICDWTIHZEDIT.
m = 0 DIFEITEEA
m = S(m’) DHZEE, BIR
double 0 = double m H*ASpRIL
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en=Sn DOFBE, L, FE=EDO mIIDOWVWT

double n’ = double m 725 n' = m TH 3, &
95 (RIEDIRE).
DB MEED mIZDWT
double (S n’) = double m 725X (S ') = m T
H35] EFmICDOVWTDIHZBEDITTRY.

m = 0 DFE: B TKIL

m=Sm DFE:

double(S n’) = double(S m’) £33

M0 % EtE, injectivity Zf#> & double(n’) = double(m’)
BIEDIRELY meELTm 2&3&, n =m’
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Coq TMD:LEHA

Theorem double_injective : forall n m,
double n = double m ->
n = m.
Proof.
intros n. induction n as [| n’].

@ m 7 intros LR\ T induction =29 5.
e ZIZTOm P(n) I
forall m, double n = double m -> n = m.
[ZDZBAND_FBEFLVWELDRERED mITD
WT, n& migFELW]
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- (xn =0 %)
simpl. intros m eq. destruct m as [| m’].
+ (* m = 0 *) reflexivity.
+ (* m = S m’ *) discriminate eq.

o m ICDWTDHZEDITDREIIC intros m BN E
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- (xn=8n’ % (*x X1 %)

intros m eq. (* TZTm % EE] T5 %)

destruct m as [| m’].

+ (*m = 0 *) discriminate eq.

+ (*m=Sm’ %)
apply f_equal. (* X2 %)
apply IHn’. (* simpl in eq. *)
inversion eq. reflexivity. Qed.

o (K1) KB UIERE LY E—MKAT & (VmDE) %
RIZEAaRDODLNTWDS
o MY, IRIMEDIRE IHN I Vm DWW T3B!

EHEEHRE (2D 5) November 19, 2019 46 /63




(3% 2) DA/ E T— b (-

1 focused subgoals (unfocused: 0-0)
, subgoal 1 (ID 545)

n’ : nat
IHn’ : forall m : nat,

double n’ = double m -> n’ =m
m’ : nat

eq : double (S n’) = double (S m’)

n’ =m’

v

o BFHMEDIRED MEED m] %= m’ TEFLELTP®
nix L.
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20l

o Cog DEWVWTARBARIFNEZEDLIND I &N
H >

en& mICDWTOMEAR n ICDWTDIEHETEE
B9 208, mIELINFFHRLTEL EERIE
ENH D

o TWOEIAREMN] IIDVWTOEELLAEIFZ T&
KEZBZ &
» P(n,m) 7251 P(S(n),m) WA (£ %)%
WS, P(n,m) 2513 P(S(n), S(m)) EWA 3
LD REFIFEFE

EHEEHRE (2D 5) November 19, 2019 48 /63



=tDIEE EBE1L

STEFEDERZE mICEATBIRNETHRLLI ET
5ERAUSCKMT S.

Theorem double_injective : forall n m,
double n = double m ->
n = m.
Proof.
intros n m. induction m as [| n’].
(*x intro 7L T induction m LTHREUL! %)
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generalize dependent ¥ 7 7 4w ¥
XIRCTIRELEEHN=ZBUCELMEILT D97 T14v 7

Theorem double_injective_take2 : forall n m,
double n = double m -> n = m.

Proof.
intros n m.
generalize dependent n.
(x T—JLHEL forall n, ... OFITHB *)
induction m as [| m’].
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Tactics.v

@ apply ¥ VT4V Y

@ apply ... with ... %90 714v7

@ injection & discriminate ¥ V7 A4v Y
@ VT4V I EREICKH L THED

o FINEDREZZEZ S

o EEDREM

o BEMMRKICEAY % destruct DfFEMA
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unfold¥ V74 7
(Definition ICL ) ERERAT 25 VT4 7

Definition square (n:nat) :=n * n.
Lemma square_mult : forall n m,
square (n*m) = square n * square m.
Proof.
intros n m.
simpl. (x fAIE LTS RAQEL %)
unfold square. (* square DEZDERF *)
replace (n * m * n) with (n * n * m).
- rewrite mult_assoc. reflexivity.
- rewrite <- mult_assoc, mult_comm. reflexivji
Qed.

v
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simpl (ICDWT

simpl NEEDRMAZ L T B EMH

EEHEZRATDDIF, TNICEL > THED T (natch)
DETEDNETRDH.

Definition foo (x: nat) := 5.
Fact silly_fact_1 : forall m,
foom+ 1 =foo (m+ 1) + 1.
Proof.
intros m. simpl.
(x 5 + 1 DFFETHERIDHEDTELD *)
reflexivity.
Qed.
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Definition bar (x: nat) :=
match x with
| 0 =>5
| S _=>5
end.
Fact silly_fact_2 : forall m,
bar m + 1 = bar (m + 1) + 1.
Proof.
intros m. simpl.

(* match m with ’@Uob\b‘éd)’éﬁfﬁﬁﬁtlﬁé*)‘
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Tactics.v

@ apply ¥ V74V 7

@ apply ... with ... %90 714v7

@ injection & discriminate ¥ V7 A4v Y
@ VT4V I EREICKH L THED

o FINEDREZZEZ S

o EEDREM

o BEMRICEAT % destruct DEM
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EENLRRNICET 25507

@ destruct DBIFIIXIRICHBEH TR THELW
s (RIFMEDY VT 14y 7 L EHLUN DB EHEX
ns)
o W—HRICDWTDIFEDLIFTHEEE

Definition sillyfun (n : nat) : bool :=
if n =7 3 then false
else if n =7 5 then false
else false.

Theorem sillyfun_false : forall (n : nat),
sillyfun n = false.
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o =? DIFER (n N3N EDID, 5HEDIN)ICDVNTD
2 =Yl Ul
» n S LT DIZEEMAEBIC, n > 6 DIFE%IFH
ETHEERR, EWOFEHBIHLE LNARVLD:-

Proof.
intros n. unfold sillyfun.

destruct (n =7 3) eqn:El.
- (* n =7 3 = true *) reflexivity.
- (* n =7 3 = false %)
destruct (n =7 5) eqn:E2.
+ (x n =7 5 = true *) reflexivity.
+ (* n =7 5 = false *) reflexivity.

Qed.
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Bl D5

Definition sillyfunl (n : nat) : bool :=
if n =7 3 then true
else if n =7 5 then true
else false.

Theorem sillyfunl_odd : forall (n : nat),
sillyfunl n = true —>
oddb n = true.

o sillyfunl NEZRTLODBEFHIE 518N
A
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Proof.
intros n eq. unfold sillyfunl in eq.
(* eq : (if n =7 3 then ...) = true

oddb n = true *)
destruct (n =7 3).
- (x n =? 3 = true %)
(* eq : true = true < ZmIDDEHLDRER

oddb n = true *)1

en =? 3 = true DIFHE, n =7 3 = false DFH
THF=28YRDIC, FDDn =? 3 = true B
SHATW3BI
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destruct eqn: &7
BEDITOFRDIICDWTDIER % ARICIENMN

Proof.
intros n eq. unfold sillyfunl in eq.
(* eq : (if n =7 3 then ...) = true

oddb n = true *)
destruct (n =7 3) eqn:Heqge3.
(* Hege3 : n =7 3 = true

eq : true = true (x ZmLIFETEF *)

oddb n = true *)

v

EHEEHRE (2D 5) November 19, 2019 60 /63




HEE, Heqe3 S n = 3 BHH3B

- (% e3 =true *)

apply egb_true in Heqe3.

(x Heqe3 : n = 3 IC7RD *)

rewrite -> Heqe3. (* n = 3 ZfLA *)
reflexivity.

o e3 = false DIZEIL, I HIC
destruct (n =7 5) eqn:Hege5.
‘aad
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@ Exercise: apply_exercisel (3), injection_ex3
(3), discriminate_ex3 (1), eqb_true (2),
destruct_eqn_practice (2)
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