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FEBRIA R (proof system) DO & DT d % BIRERE (natural deduction) IZ& > T, Coq TEHNT
WO AL GlF1ih) 2175,
o FEHHAZR (proof system):
—  T(CEIWr - D) GEHTE 2 21380V 2 e [REHMED - L eiEEs no 2L
W] ZFEZDZODEE
— MR
« A - HWr o (B AM) &%
« Hitt GEHZERMLL 28 D) DEHE
— HBARERE, Y7V REHE, BV NRABR, RED [RE] D& D RS

o HARVHHE (natural deduction):

— 7> =¥V (Gerhard Gentzen, 1909-1945) (2 & > TE S NZZERAR D (WifED) O & D
— ANHOHGmEREZ HRICERIT 2 2 LA HL
— HHOERITMHEOND AN EAKR & FREHA (#d)

2T, MEOMKRESE GREBIEE T (logical connective) £\ D) L UT TRLIX (->)] ZiT%
ZZ LB 50T, Induction.v F TOWNATHEDONDFHE (272, A3 D Logic of
Computable Functions & FEIENZARRIZHY T D) ICHEET D, I 61T, (D] TE21E) T~%
ETELOVNEET D] Loz, TOMOMEMES PRI TITHRET 5.1

Coq DiBAR %= &, ZDOHERTEAY LmMIZIBEHERMIE (intuitionistic logic) L FFIEND
HEDT, MEDE®EZ (/%K 79)1/0 THZ 2525 Ol (Z Nz BRI (classical logic) &
IER) IFRZDZEDTHD.

"ZOERFETIE, £T o) TELE 0ol TRLIE) PADORIEME T2 ZA L - aBERIE (propositional

logic) # R U, ERD~] [HB~IZDWT] LWo -8k T2 EAL ZBFERIE (predicate logic), BRBIZDWTOMR
HMEL T d DM (arithmetic) NERXIZATEED DD, ZITIE, EIV— 25,




1 (Fﬁbmjh%Té) Ef T &HmE
1.1 #pRE, XA

ZNETOD Coq DIEHETHFE > 7~EIE, n + 2 =3 n*m=mx*n &>, SEDO2DXA%
FSTHRAELDER/NDREA L LT, TNH%E -> TORWEY, @&l forall 22137209
58T, VEMLmEZERL T

M TIX (RS D) TEAIE Lol m#%Z DRI TEY KERamE%E ME2 ks
ABTFICEHT S0, BuNOE (I & RFEE (atomic proposition)) L U TCEABEDEE RS
P DV TIFRHAE R T B2, 2D, UMTFUIKSL L, FHemEe UTIEHIZ A B, C &
E(IN% pBEE (propositional variable) £\ND) BRHd I &L, i@z dasL LTIk
p &S,

9, AN 256 omBEICES T2 @mE e XROEHRE RT.

H ({RE#) € {H1,H2,IH,...}
g K@) € {ABC,...}
P,Q (&) = p
| P->Q
I (k) = e
| I',H:P

o MEIXHEFMEE (4851 2BKT D > TORVWEELEDTHD. > ILEATH .

o XRKiE H : P L\WSRDFITHY, P W (4 H T)FHEINTVWEILERLTNS. F
HDAREDHATIZMHE R S,

o Xk T IZHNDBEDHATOEEZ dom(T) & FH<.
o RDILTHD o (&, THITHKEL TV ) IFEKTS.

o Z DERIETIE, XWRIZH T DHRNBIED AT ( TH:] OI5) BT 50, ZTITiE
Coq DFLIEITIEDIF T WS,

1.2 ¥prEEHRA

HHERIN T AFGHRZET, BNUBEERT - M T 22 #>TERL DL FRRIC, IR T
DEETHE P BEILTDH] LW0WD e 2RTEER T F P (IHEHIBT (judgment) & EIFES) & #i
HIZF->TEHTD.

HARGBHEOR I, MEOEKER (5056 (251X, 2fglt, F5) 0212, ThH
fEam IS BN D BH (BARR (introduction rule) & FFYY, BHIZAY T (introduction DIET) THD
%)« AR IZHEN S B (BRERB (elimination rule) T, HHIZ A E (elimination DFHX ) T
KD2)MOLDTOHELIATHD. BAKANE, WIES TIZL > TSI NS @B ENLT
5 —MRINBEMEEZRLUTHY, RESFUNIZTOmENS & h&%nnwb‘i%ﬁiﬁé MERL TS,



(H:Pel)

I p (ASSUMPTION)
I''H: PHQ H ¢ dom(T) (=>D)
->
'-P->Q
T'HEP->Q T'+P
TFQ (>E)
1.3  ¥IgrDEH A
1. FI#r - A->B->A DEH:
H1:A,H2:BI—AASISUMPTION
HL:AFB->A -
FA->B->A
2. HIWF + (A->B->C)->(A->B)->(A->C) DEH:
TFa>B>c M I‘I—A_A>S]g4 TFa—>p M FI—A_A>S]§/I
I'HEB->C I'EB
->E
r'kc ST
H1:A->B->C,H2:A->BF A->C o1

H1:A->B->CHF (A->B)->(A->C)
FA->B->C)->(A->B)->(A->C)

—->1

727ZUT & HL:A->B->C,H2: A->B,H3: A 9§ 5. ASSUMPTION (X AsMm YL TW\5.
F/ZA->B->CIEA->B->C) DI LTHDILITHEE.

2 BHBNSASFEICEY HRIE

(72 51X OB % TIZ, 7202\ Induction.v £ CTHR S -HFIZAHY T2 mBEAREZ 52 5.
I TOETFmEI, BN S AXHEDEZE>T My =My EWHETEZLNS. [ARFIZ,



MR Tr2EATS.
z,yyH € {ab,c,...,}
S, T nat
bool
S-—>T

M1=M2
P->Q
Ve : T,P

[ ]

' x:T

I H:P
MEPICHENAEHIZFDAODONT VB EDTRNE WT RN LIZEBAAEDN, KIEIZERDONT
WCEMEE UTIE—EErEN T AN e dhd. #HlzIE,

Vb : bool,Vn : nat,b = n

D &S BB, THLZEERNZNEDL UTHIRT 20 EDRHD. TOZOICETHEIINT D
RN 2EZ5.
Ao g 2 BUAH I B AR IR
' - P :Prop

LEL. PHEVLW/EHATES, LWOEKRO T F P LOXANZERE L. #lAIE, Vo :nat,n = S0
FEHTE (£5%) R WVAY, FVn:nat,n = S 0:Prop &kt iD. MEDENIFIZHEIZ P KE
BEERTDIHARICARYDIZMETHD L EZRUTWVDEETT, TONEMNELWLNE S e IZE
R, (CERIZ &> TlE, WHEDORFDAZDIZ, THFP %2 T F P true Litidd$2522EH5. )

2.1 MREORFIFIRAY

'M;:T I'My:T
I' - My = M : Prop

'+ P:Prop '+ Q :Prop
' P->Q :Prop

(->P)

I'x: T+ P :Prop

(VP)
I'=Vx :T,P:Prop

FEFIIIOWTIE, MABFEUMOETRWEWT AW, b+ Ve : T,P IZ2oWTIX, P »
2B NT THDFTHETHDZEWROLNT WS, MUK, THP DEODD ( [78561F] Off
HIZMZ2) A2 5222, T'H P :Prop THDILEHRLTD.

4



2.2 £M=E(ICEAT 5EA

'e: THP (x & dom(T))
I'=Vx : T,P[x]

(VD)

I'+Vz:T,Plx] TrHM:T
T+ P[M]

(VE)

BAKRA VI 1, P HIZHNDZZE ¢ 12OWT, TORDMNEIAE R BENTIZ P B LD
K, MEEZD 2 IZDOWT P BERYD D] LWVoTENI e Z2RUTWD., /2, BRESINE, EZD
x IZDWT P WY D] oI, FEB, ERIGEAZEARNZR T OE M IZ2DWT P BEY
MDOZEERLTWS,

2.3 TEHLX] ICEAT2EHBR

MlHMz I‘I—MllT I‘I—leT
F|—M1=M2

L'+ M; =M, T + P[M;]
T - P[M>)]

KA =1 1%, fi2ECTELY (=), LD LN (ZOMBETD)FLIDEHRETHD
ZEERLULTWS., REMBA=E X, rETOHEIFFUWVEHTEIBIATLIWVWIEE2RLTW5S.
2.4 BABICEATZEHKEL

I' - S(My) =S(Ms)

(INJS)
I' - M; = M
I'-0=s(M) I' - P :Prop
(CONTRANAT)
T'-P
I' - PJ[O] I', y : nat, H : Ply|] + P[S(y)]
(INDNAT)

I' - Vx : nat, P[x]

BAD INIS &, S O injectivity (1-to-1 TH D Z &) %, HHAI CONTRANAT I 0 31 A EDOHARE L
FRUTEHELULS AR (FLY, EWIERBETELZOFFEROT, TINOMTHETD) Z L 2R
UTWa. Bl INDNAT IFBCFIRANED KB 2 HGH I TR U2 D TH D, BAIFOD H : Ply]
MIRFIEDIRKEZ R LTV B.

2.5 EBEICEYT 2EHHFEA

I true = false ' P : Prop
'+-PpP

(ConTRABOOL)

I' - Pltrue] I' - P[false]
I' - Vz : bool, Plx]

(INDBooL)
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F1HI CONTRABOOL & CONTRANAT L AR TH S. INDBOOL IFEMLEIZ DWTDHEDITDJH
HMThHD.
2.6 JHODHA

ZZTIL, Vx:nat,PldVx,P BT S, /-, HHAIZ ASSUMPTION £ AsMm BT 5.

1. Il - Vx,S 0=x->x+S(S 0) =S(S(S 0)) DEH:

S 0+S(8S0)«S(S(S0) ThFSO0:nat 'k S(S0):nat

'S 0+S(S 0)=S(s(8 0)) B

TFso=x =

x:nat, H: S 0=xF x+8(S 0) =S(S(s8 0))
x natF S 0=x->x+5(S 0) =5(S(S 0)) v_1>
FVx,S 0=x->x+8(S 0) =8(S(S 0))

72720 My + My ZRUE%ZKRT T AKX plus 2F> 72 plus My My DEEELTHY, T Ik
x:nat, H: S 0=x THD.

2. ¥l F Vx,x+0=x DEH:

I
E

0+0¢+—0 FO0+0:nat FO0:nat , TFx+0=-x M I'FS x+0=Sx+0) _
FO0+0=0 B I'HFS x+0=8 x o

FVx,x+0=x

INDNAT

72720, 'l x :nat, IH: x+0=x THD.

3. i P % Vx,Vy,x=y->y=x, XIRT % sym: P, z : nat, H: S(S(0)) =S(S(0)) *z &
5. ZOR, HIr T Fs(S(0)) *xz=5(s(0)) DOEH:

I'-Vx,Vy,x=y->y=x Asm

T - Vy,5(5(0)) =y ->y = 5(5(0))
T F 5(5(0)) =S(5(0)) *z ->S(s(0)) *z = 5(5(0))

VE

VE AsMm

I' = 3(8(0)) =8(8(0)) *z

T F S(S(0)) *xz=5(5(0)) B
(VE HAIDINZDODEHE T H M : T OEHIFAKL TW5. )
4. ¥l FVx,x+0=0->x=0 OEH:
I' 75 :8(x)+0=0FS(x)+0=0 AsM I n :S(x)+D=D.|— S(x) +0=8(x+0) iIE
: I' B : S(x) +0=0F 0=S(x+0) O N -
H:0+0=0|—0=o:II T,H :S x+0=0FS x=0 IONTRA AT
F0+0=0->0=0 'S x+0=0->S x=0 .
INDNAT

FVx,x+0=0->x=0

727ZU T Ex :nat, IH: x+0=0->x=0 CTH .



3 Coq & BAERE

Coq TITOGEMHIE, T—Ne B 2MamE P RN526NEK, T P (72720, TIETHE T
ZUZEMOEEY) 2iEine T8N AREZMKT 2 70 AR 520, R, ED FVx,x=
S(0) ->x+5(s(0)) =S(S(S(0))) DEHEZEZEZTHALD. Coq T
Theorem foo : forall x:nmat, x = S 0 -> x + S(S 0) = S(S(S 0)).
C o254, ABIGGRE SN0,

?

FVx,x = 5(0) —>x+5(5(0)) =S(3(5(0))) .~

EWNS (FBRUNRWD) RD ? 2O TEHAZZER/ITLILTHD.

2774w 7%, BAZHAGEDET (ENETITHAWITHEE I N K2 TREIES) @
2L TW5. #HlZiE, intros 7 7w ZIE VI HAR ->I HANIH LU TEY, EOKRIZHLUT,
intros x. ZFETTH L RIFHEL T

(7

x nat F S(0) =% > % +S(8)) =SB ;{;
FVx,5(0) =x—>x +5(5(0)) =5(5(5(0)))
DB, EEREROWN D DR (L SUR) BE LN T— L Td 3.
R T 4w 7 IIEBOBA 2 HAEDLEEZRELTWSZEH D, HlZIX, XHRIZH: My = My
NEENTHY, T F P[Ms] 72572 revrite <- H. 2E{T35 &,

(7

7?9
T+ PM] "

m ASSUMPTION

I' = P[M,]
EREBREIYE, BiL0I—VE P D My & My IZEIHZ - P[M,] 1255,
BBIZ apply A7 T AV ZIZDOVWTRTALD. P %
Vq : nat,Vr : nat,q=r->plus q q = mult r 2
U, H: P XRIZHY, T—IHd
plus 2 2 = mult x 2

o/l $2.222T apply H. 2ETT2DE, UTFOISIZEHAZREIRDLIZILEEZXDL
Nnd.

'l 0:nat T-ZERO
= ~ - T-Succ
I'S 0:nat
=15 ASSUMPTION —FH— - —.— T-Succ
I'-P I' - 2:nat VE T-VAR 7
I'FVr:nat,(2 = r) ->plus 2 2 = mult r 2 ' x:nat ! .
'k (2 =x%x)->plus 2 2 = mult x 2 E I‘I—2=x"E
->

'+ plus 2 2 = mult x 2

KK, DARD & S B IGBR»H 5.
2y SETHEEREOD 213, S(S 0) DRI THS.




5074979 Al
intros ->I £721E VI
reflexivity =I
apply AsSUMPTION, VE, ->E D#lALHE
rewrite AssuMPTION & =E OflAYE

induction, destruct
injection

discriminate

INDNAT % 7z1% INDBOOL
INJS, ASSUMPTION, —>E DfilA & LT
CONTRANAT, CONTRABOOL, ASSUMPTION D#AEHE

4 5] UADOREBREESTF
PIFE Tho) (M), T£713) (BE) Evor (451 MAORIEEST, TLTPEENS

Rk 7 fm I B U 7 EH AR 2 R

H
b,

P.Q (i)

ZN5 & A 7= GwBh % fndam R & IS8,

(xE44) € {H1,H2,1H,...,}

q (JH¥mdE)

———
'R

e PANQ X TPH» Q) 23T

e PVQIX TP E/HIZQI #%T7.

o | XFEERT.
4.1 HEORAIFEL
4.2 FBHIRA

'+ P:Prop '+ Q :Prop
I'HPAQ :Prop

I' - P:Prop I' - Q :Prop
' PvVvQ :Prop

'+ 1 :Prop

TP TFQ
TFPAQ




TFPAQ

(A-E1)
P
T'kPA
repPnr@ (A-E2)
I'tQ
T-PAQ T,H,:P Hy:QFR &ﬁ#HﬂNﬂﬂih¢®MD)ME$
'R
r+—pr I'+Q:Pro
Q : Prop (V-I1)
r'-PvQ
I'- P :Pro I+
P @ (v-12)
T'PvQ
'-PvQ T,H,:P+R T,H,:QFR (Hy Hy¢ dom(T)) (V-E)
IR
'k L I' - P :Prop
(L-E)

r-p

(22D OREBANG, @ El, E2 D222 F 252N L0N, ThbsDfRb) e LT
E3 #8HLTH &L\,

[E7213) OBRERUE—FEDOLG & T OHRERL TWVD.

o FIHIZDOWTIFEAMAUMNE SREMUDADD 5.

BE -P & P->1 Ol E A%T.

5 $FMETF

YMEALF (existential quantifier) &%, TP 2729 o PEET D] L\WD Wb S FEMmEE K
YOOFRIAT, Jz: T,P &I RE LD, IR TICHET S HERBHIIEU O LS IL525 2
EINTE5.

I''x: T+ P :Prop
I'-3x : T,P:Prop

(3P)

T'-M:T T+ P[M]
'3z : T,P[x]

(3-1)



'3z : T,P[x] I''z:T,H: Plz]FQ I' - Q : Prop (x#H »Dx,H ¢ dom(T"))
TFQ

(3-E)

BAKN 311, Tz : T,P & P HOz IZEARNERIE M 2 Ah-ai#E, $205, IM»P %
72 WEETELRI, P2/ d e WMFETD] Je2BHLTINIL2RLTWS.

—H, BREHAI-E &, FEaE»SHOME Q 28 2DI21E, o M Plr] 24 \5 X
IR/REDE LT Q ZRENTEN (FATHD) ZLERLTWD. REDFTRIE, KHHIZIE Q
2z BBENTREOT RN L 2EKRL TS,
T 0D 35 1 5

1. x: T+ P[x]: Prop 2 x: T F Q[x] : Prop £ 9 5. Z DK, Yk

F(vx:T,P[x]->Q[x])->3x: T,P[x])->(3x: T,Q[x])

DEHFLATF DL SIZ85.

I F Vx: T, Pz -> Q[ sES)M R
7L o ASM
I+ Ply| ->Q[y] LML 7
A I’ + Qly] - I'x : T+ Q[x] : Prop
I'+3x: T, P[] SM I+ 3x: T,Q[x] I'+3x : T,QI[x] : Prop

JE

I'k3x:T,Q[x]
H1:Vx : T,P[x]|>Q[x]F (3x: T,P[x]) > (Ix : T,Q[x])
F(Vx:T,Px]->Q[x])->3Fx: T,Px])->(3x : T,Q[x])

-1
->1

772U

I' = H1:Vx:T,P[x]->Q[x],H2:3x : T, P[]
I = T,y:T,H3,Ply|

Thd.
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