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Basics.v

o BT — VB ENER
o /R EHA & IR
o BANDEZ L BIRHNENES
o Bafi{bil & BEIHA
- S EF
o EXMAICL BEIHR
o ZEMDITICL BEEHA
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Coq DEARER(EH)

o HMEMNR (W, VAN KQEDT—H)EHEE

DOXRERIETZTOT S LDEREE

» OCaml, Scheme, Haskell D & 5 AFEHE T OIS
VT

» TR LEMNICEADVWTWVS

» XGEIE OCaml ITEW (DMHIDISED DTHES ;-)

o (RDMHEZIRNDB)FIRFDEL S FE

FI#rDFEEA D EC IR E FE

FEBA DR E K BE

(B EhEEPARERE)

EEEHE (2D 1) October 3, 2017 3 /67



FTLWEODOES: BEH

o Bl = F—HDESE

o MICBT 2T —YDINEILLDESR
» B: day
» 7—4%: monday & &

Coq < Inductive day : Type :=
| monday : day
| tuesday : day
| wednesday : day
| thursday : day
|
|
|

friday : day
saturday : day
sunday : day.

YA P :day DWVBEWBETRREIFERIEINAL.
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HEHDOBY (ver.1)
Inductive (EE%%) c Type c=
| (T—%%&1) : (BEE)

(PS5 (HE)

o REDE YA K (Cog TOANKRT DEYY) ICEFE
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FHESER: ROFEH

o BAMDIT (match R) ICL D ER
» T DEENTOHBDT, 7TRYDIFEDT

Coq < Definition next_weekday (d:day) : day :=
match d with
| monday => tuesday
| tuesday => wednesday
| wednesday => thursday
| thursday => friday
| friday => monday
| saturday => monday
| sunday => monday
end.

next_weekday is defined
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B ERDBX (ver.1)

Definition (BI¥& ) ((IRBI¥&Z) : (BIFKE)) : (RER) := (K)J

efEL
(=) = (ZH) | (F—%%) | (match =)
(match &) == match (R ) with
| ($5—Y) = (R)
| (/.\°'5'—‘/)$(Eﬁ)
end
(INF—=2)y u= (T—9%)
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Compute AXY Y RICLB 7O LD
£17 (R OFHH)

Compute (X ). T(X)DEEZT 5.

Coq < Compute (next_weekday friday) .

= monday
: day

Coq < Compute (next_weekday (next_weekday saturday)) .
= tuesday
: day

o FEFLERDEX - #HIDDIFHM7IE OCaml EEL
o (—EHNDHEIMITE)
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Basics.v

o BHAT—4VECBEARESR
o /R EHA & IR
o BEANODER &L BHIRMEANESR
o STEIC K B3EIFR
- £MET
o EXMAICL BEIHR

o IZBIIFICK BELHA
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=B (HIbT - ) & SEPA

o SHA (YN - HE): RIITBEHBTE [T

Coq < Example test_next_weekday:
(next_weekday (next_weekday saturday)) = tuesdayJ

o FfFF: T T & | AR ERILTDON %A L
AR R7ES N

Coq < Proof. simpl. reflexivity. Qed.
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S & SR DR (ver.1)

AN H

Example (&ZHI) : (f&).
Proof. (GEBA) Qed.

(BA) u= (X)=(X)

v

o Z=DDH (DE) DFELIICDOVWTHERDZZENT
x3
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Coq 7AV S LADEERER

o BMDES (Inductive)

o FAHDES (Definition)

o EFEICEHT 5B DS L € DAL (Example)
» ZTODMIC Theorem, Lemma 7 &
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EREEDES

Coq < Inductive bool : Type :=
| true : bool
| false : bool.
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BAERE

Coq < Definition negb (b:bool) : bool :=
match b with
| true => false
| false => true
end.

Coq < Definition orb (bl:bool) (b2:bool) : bool :=
match bl with
| true => true
| false => b2
end.

EEEHE (20 1) October 3, 2017
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orb DEZHEDIE L T DEERA
£E, EEEXRZEETLTVWSDERL

Coq < Example test_orbl: (orb true false) = true.
Coq < Proof. simpl. reflexivity. Qed.
Coq < Example test_orb2: (orb false false) = false.

Coq < Proof. simpl. reflexivity. Qed.

Coq < Example test_orb3: (orb false true ) = true.
Coq < Proof. simpl. reflexivity. Qed.

Coq < Example test_orb4: (orb true true ) = true.

Coq < Proof. simpl. reflexivity. Qed.

o FEAMITZALCTEHELW
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{95 (nandb)

LLFR®D nandb DEZR=TK I, Ezample ICH B

nandb MDIEL SICET 52 SHZEEAE L.

Coq < Definition mandb (bl:bool) (b2:bool) : bool :=
admit.

Coq < Example test_mandbl: (nanddb true false) = true.

Coq < Admitted.

BERMIZIE, EHZAULD adnit #HBH3RIKATEI#H
Z, EFERAICDWTIX, Admitted. ZHL T,

Proof. simpl. reflexivity. Qed.
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Check A< KN
ROBEEN D

Coq < Check (negb true).
negb true
: bool
Coq < Check negb. (x FAFIDEIDREE *)
negb
: bool -> bool

Coq < Check orb. (x ZB|ZEE *)
ordb

: bool -> bool -> bool |
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Basics.v

o BHAT—4VECBEARESR
o BN SHA &L IR
o EANODER L BIRNEANESR
o STEIC K B3EIFR
- £MET
o EXMAICL BEIHR

o IZBIIFICK BELHA
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B (nat B) DESH
ERNERICHBEOES

Coq < Inductive nat : Type :=
| 0 : nat (* AKXFDF— %)
| S : nat -> nat.

o 0 IXZENLIFTTEHA
o Si&, BABDLLBEARARAEDIAVANS VS
» n DNEARBALGIE S n £ BAK
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IRINEYER A (inductively defined set)
[T DEEDTARDHD ] ICET 2RAUELUTE
ESN3EE
o Inductive B (=T —9&KAQ) ZRMNICERT 3
e day, bool, nat (XIFHIEIEL DA

BABDES DIRWHEE

LR DA DDIRANCHED E DD nat DT TH D
@ 0 |X nat DITTTH B

e n M nat DA SIEXS nld nat DITTH 3
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Coq < Check O.

o

: nat
Coq < Check (S 0).
S 0

: nat

Coq < Check (S (S 0)). (xS0 DEDLYICHEIMAHKE! *)
S (S 0)
: nat

Coq < Check (S true).

Toplevel input, characters 69-73:
> Check (S true).

N e

Error:
The term "true" has type "bool" while it ts expected to
Ilnat n .

v
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EIE=3E 32

Coq < Definition pred (n : nat) : nat :=
match n with
| 0=>10
| Sn' =>n'
end.
pred is defined

o EHANY—>Sn:HELnd, B3R n’ IIFHLT
Sn EWOFEZEZLTWED,
o (NF—=UYu=(T—98R) | (T—9%)EH)

EEEHE (20 1) October 3, 2017 22 / 67



AMMFNY =V EHRBDT S ETE

o
F3RE0
Coq < Definition minustwo (n : nat) : nat :=
match n with
| 0=>0
| S0=>0
| S (Sn') =>n'
end.
minustwo is defined

Coq < Check (S (8 (8 (s 0)))).
4

: nat

Coq < Compute (minustwo 4).

EEEHE (20 1) October 3, 2017
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ARERE: BARDRKREICOWT

o NEIF nat HIIEES A T Z Y THREINTWS
o 7ZETHFE 0, s REWIHEEBEEBRIND
Coq < Check S(5).
6

: nat
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HBIEWE: Module ... End I2DWT

Module A & End A THIFh/ZoIX [FEEE]
o MENDHDEHRIIANSETDEFEFRAAW
» ZEIICA. ZDIHNIER A%
o [ZEIER] Z=bhIFB7DDIE
- Bl BABDORELE, BHORLE, -
o HRETIHSATSVILHDEREMOHNDIER
T—HRMICEEZLAVWEIFE>TWS
» EEDIRPT End BPEHTETTWVWD
» UBRDEEISIBRES A TS =Fo>THY, BAT
SETHENMEZDEIICRAD
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B ERDBXL (ver.2)

Definition

(8% (RBIKE,) : (BI%E,) ... : (GEEH) = (R).
7=7= L
() (ZH) | (7—%%) | (X) (KX) | (match X )

(match ) match () with

| (RNF—=2 )= (R)

| (/5 —V) = (=)
(T—=5%) | (EH) | (T—98) (/9—V)

(INF—=2)
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BV A NS4

@ SDELHIRBIHAEELEDAVAMNS VY ITIEAHEEA
D

Coq < Check 8.
S
: nat -> nat

o AMEIAVANT VI DEWN
» BEAIIBIMAEZOND EEtEABISRIT

s AVANZOVYIMEIC 9 TFF] 2T BEFE
N, 95 ICDODWTHRY—VUITYTFTXDB
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BIsHNEHESR

n BMBEDE D D EHIET BB evenb:

o 0 (3B

o 1 (XBETIEAL

o n—2 WMEBEHEAESIE n HBH

BIROBE X Definition TR < Fixpoint ZfH D

Coq < Fixpoint evenb (n:nat) : bool :=
match n with

| O => true

| SO => false

| S (Sn') => evenb n'
end.

evenb 1s defined
evenb is recursively defined (decreasing on 1st argumen:
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Coq < Definition oddb (n:nat) : bool := negb (evenb n).
Coq < Example test_oddbl: (oddb (S 0)) = true.
Coq < Proof. simpl. reflexivity. Qed.
Coq < Example test_oddb2:
(oddb (S (5 (S8 (S 0))))) = false.
Coq < Proof. simpl. reflexivity. Qed. )
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EHEIHOBREAN: BELE

Coq < Fixpoint plus (n : nat) (m : nat) : nat :=
match n with
| 0 =>m
| Sn' => S (plus n' m)
end.
plus <s defined
plus ts recursively defined (decreasing on 1st argumenit.

Coq < Compute plus (S (S (S 0))) (8 (5 0)).
=5
: nat
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BHEIHOBREZ: NMNIE - 5IEE

Coq < Fixpoint mult (n m : nat) : nat :=
match n with
| 0=>10
| Sn' => plus m (mult n' m)
end.

Coq < Fixpoint minus (n m:nat) : nat :=
match n, m with

lo , _ => 0
| S_, 0 =>n
| Sn', Sm' => minus n' m'

end.

o IREINETDIRE EEHRDEDRARKYY F T
o MTHEIYFTBTAINRA—RIKT—Y ()
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Notation A< > KN

Coq < Notation "x + y" :=
(plus x y)
(at level 50, left associativity)
. nat_scope.

Coq < Check ((0 + 1) + 1). (x plus (plus 0 1) 1 %)
0+1+1
: nat

o %] (R/O)EERETZIATYR
- B (MEANI VAR REEDREL), RELE
DREDRES (5 - £) 6I5E
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B SRR D H (1)
: nat) : bool

Coq < Fixpoint beq_nat (n m :
match n with
| 0 => match m with
| 0 => true
| S m' => false

end
| S n' => match m with
| 0 => false
| Sm' => beg_nat n' m'
end

end.

o b BEfafE (boolean) D b
@ eq - EQuality

EEEHE (20 1)
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SR H 8% (2)

Coq < Fixpoint ble_nat (n m : nat) : bool :=
match n with
| 0 => true
| Sn' =>
match m with
| 0 => false
| Sm' => ble_nat n' m'
end
end.

@ le -+ “Less than or Equal”
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Basics.v

o BHAT—4VECBEARESR
o BN SHA &L IR
o HAMDEE L BIRMERES
o STHEIC K BEIFR
- £MET
o EXMAICL BEIHR

o IZBIIFICK BELHA
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ETEIC & D EEHA

SETICEZLEBRICOWTOMER WA W AEFE
L&D

S TO Example © EIHE & GEFAD—1

» 5EFR: [T ZFETEF LB
o Lo & —fRHIAEE ?
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I 0B LED () BAT J

Theorem plus_O_n : forall n:nat, O + n =

@ Theorem OAY YV K

o £ EIbF forall: MEED~ICDWT]

o FNILL ZDRIEMH: plus DEEEXRDEE TSI
DOFICEAHLLT 0 + m ldm IZ25
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SHHDEX (ver.2)

{Example,Theorem} (%&HI) : (#ARE).
2L

() == (R )=(X)
| forall (ZE#): (E),(HHE)

EEEHE (20 1) October 3, 2017 38 / 67



A

FEBAEERICE D TEFX LAV - SIBAT R EMEZZEL

ez e V) Pl

o simpl: ZEBAINEHEFDADETE

o reflexivity: = OMAIFFELLV. Lo TEERE
~EN/.]

o intros: XRNDIREDEA (R TERER)
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Basics.v

o HERT— YR ELBAHESR
o BN FH &M
o BANDES L BIRHNENESR
o FTHIC &L B EIHA
- EFEILF
o EXMAICL BELHA
o IZEMIFICK HELEA

EEEHE (2D 1)



LB S N BB E -

Theorem ((EEDBEAE n ICDWT
0+n=nTH3B)
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EMEILIN/-ErREDEERR & -

Theorem ((EEDBAE n ICDWT
0+n=nTHB)
n ZEARBETS. + DEERELY, 04 n IEEET S

t n‘utké @2_‘; (— @}i%j'lﬁ& U) 0+n—n'C“
HD. nlFEEICER2LDT, BRIEHBAINE. O |

o n &WD (RHID) BABDEEZIRE
» LABET n 13, BERaBERE(0,1,...) AL
FRICHEAS
@ NICDWTIXBABTHD Z LMt IREL TW
BWDT, BoniERmiE MEED n ITDWT-]
EWoTELW
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-intros ¥ 9714V Y

IR%E (assumption) ZB AT B7HDY VT4V Y
o NYNETHUHED, £EMEBLINTWVWEIICEAS
o BAINLIREIE I3XAR] (context) ICTEENIT B

» XHR--ARE DT

Coq < Theorem plus_O_n'' : forall n:nat, O + n = n.
1 subgoal

forall n : nat, 0 + n =n

Coq < Proof.
1 subgoal

forall n : nat, 0 + n =n

o
A+EZE (FEKRE) EEEHE (20 1) October 3, 2017 42 / 67




Coq < (¥ n ZIRE (nat THB I EIEMBEDNSOALN) *)

intros n.
1 subgoal
n : nat

0O+n=mn

Coq <  simpl.

1 subgoal
n : nat
n=n

Coq < reflexivity.
No more subgoals.

Coq < Qed.

T OE+EE (REAR) SHEEHRE (20 1)

October 3, 2017
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R simpl & reflexivity ICDWT

o EI(I, reflexivity ZDEDICTIL % ETE I 2 HEED R
HhoTW53

@ simpl. reflexivity. (& reflexivity. ICET
A FIBE

o simpl WFICETEL T %RFZME>D]1 DICED
(&)
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INF ED

LHEALT D GIFARNA) Bk
[EED x € S ITDOWT P(x)] 2#E3RT 57
(i,
e SOV EDEY (FEZIRELT), x EWIH £
Bi%E DT 3
X ICDWTIE S DIcTH D Z LU, AEREL
TlEW T

o TOXMDE ET, P(x) RT
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Basics.v

o HERT— YR ELBAHESR
o BN FH &M
o BAYDER & BIRHEHES
o 5THIC L ZEIEH
- 2FELT
o EXMAICL BELHA
o IZEMIFICK HELEA
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EE Tn&mdEFELVWBREALRL I,

n+n=m++ mJj

Coq < Theorem plus_id_example : forall n m:nat,
n=m->
n+n=m+mn.

o > & 25Xl (BE, implication)

EEEHE (20 1) October 3, 2017
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Coq < Proof.
Coq < intros n m.

Coq < intros H.
1 subgoal

n+n=m-+m

o AGIX] DIBAICHIREDEA intros Z={FD
» TARGIEB] X, ADRRILT B EARELT
B #rRtIELW
» (REICERIZDITZ2HEHY

* H for hypothesis
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REINIEAZFE /I -ILDEE
A

Coq < rewrite -> H.
1 subgoal

o IRE H DEILMSLHIIDAN (->)DEIHAZRT
» AODNSEDICEZIBA 2 ITNIL revrite <-
o HEITWDELELRFL

Coq < reflexivity. Qed. J
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rewrite ¥ 79714V )

o XRICHBDEFEARAF>T, T—IAEEXHZD
- AIEME—EICEZH!D S
» EXVZEMOFIEIDERIZEDH Y (

o EXWMZADHAMEZIETE (->, <-)

@ intros CIRE LAEFXLIF T, BEICEERAL -
FEZME->THLW (FHBED mult_0_plus EHE)

A

%)
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5 &0 & L

o > MNEAMDEBDESE oY THLIE] £o72Y
rewrite ICfEHN/=Y T E5DIERE?2#HS5H LW

@ intros & [EED~] IZH 451X ICTEFEHSD
IERE 285 L

EiE TR T sid] TEED~] EWIFRL BEf
ERCY 3NV

(K)rewrite D —> ¥ <~ [FELDZHMAZRTFRTREMRDL
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INF ED

(725 (L] O (GERRERAY) BRAT T
A% SIE Bl AEET 270101,
o ADFKIL (ADEEADEFE) 2RE L,
o TDXMDEHE ET B =" d

EHE B (REPAZ) SHEERE (20 1)

October 3, 2017

52 / 67



Basics.v

o BEATF—VRCBEAHESR
o EAEEA &I
o HAMDEZE - BIRMNBHESR
o FTEIC & BEIHH
» 2FFELF
o EXMZICL BELIHA
o IZEMIFIC & BELEA

£ DA

BAEIHRE (TD 1)



e StRICK HEAADR ST

EHAESURE (BBET)HETIRVNI E1'H D

Theorem plus_1_neq_O_firsttry : forall n : nat,
beq_nat (n + 1) 0 = false.

Proof.
intros n. simpl. (* does nothing! *)
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e StRICK HEAADR ST
EHAESURE (BBET)HETIRVNI E1'H D
Theorem plus_1_neq_O_firsttry : forall n : nat,

beq_nat (n + 1) 0 = false.

Proof.
intros n. simpl. (* does nothing! *)

o + (plus) IFERDE (FE 1518) ICDWTDIFED T
TEEINTLWEDT, n + 1 DFERFINLULE
E A

s AT n DFEICDOWTRIDHREEE 72 L
»(Sn&n+ 1DEWVITER)
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SBA DT IC &L B

n NEFRNICEALTZLD 50 2EX 5 EEEN E
T (HEIH D)

e (n=0DFAB): n+ 1IFFET1IIWD

o (n=238C) MIFAE): n + 1 IFEETSEE)) OF
(AN

WIFNhDIFEH, + 1EE 5D, beq_nat DFEFX TE
795!
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destruct ¥ 7 74y J I & B0 7

Theorem plus_1_neq_O : forall n : nat,
beq_nat (n + 1) 0 = false.
Proof.
intros n. destruct n as [| n’].
- reflexivity. (* n = 0 DIFH *)
- reflexivity. (* n = S(--*) DIFH *)
Qed.

0 ZEDEN I DRDTI—IDALDIEAD
s TNEFNDY T IT—IVIE reflexivity —HEMR
o GERIINRDERICHK > TI—ILHD n H'E1L
» 0 DI3FH: beg_nat (0 + 1) 0 = false
» S DIFH: beg_nat (S n’ + 1) 0 = false

EHE B (REPAZ) SHEERE (20 1)
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2 N=AY A

Theorem plus_1_neq_O : forall n : nat,
beq_nat (n + 1) 0 = false.

Proof.
intros n. destruct n as [| n’].
- reflexivity. (*x n = 0 DIFH *)

- reflexivity. (* n = S(--*) @ﬁm *)
Qed.

o " ERDICERIEDITD
» [0 RIS, 8% | TREYI>TIERS
> BEHDE = HBEDITDE
oé%?étCmﬁ%?[%ﬁ%?HT<ﬂé
» A, EERADAFEMHETOE &

EEEHE (20 1) October 3, 2017
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" o CEERDAEEL

intros n. destruct n as [| n’].
- reflexivity.
- reflexivity.

destruct ICL BIGEDITED/INA T

o HY 7 I—IVDiIFAREIR A~ T BB

o B Y TIA—ILDIFANMEHL > THEWVARWLDIZ, KR
DINA TV EANDETS—
» BOYTO—IILDERAMNEI B D %RE1E

= RGN - AV TFD LY T IDEE
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ANFDIZEDT

BERRIC L > TIIBED T ZAEICE T H I 0D D
o ANFDLANIIZIKELTNS 7V ("), TZA
("+"), TRAIVRY (") BMEZX S
» EDEFETHEL>TEHELW
» ABCANFLARNILDOESIERIZAZ2REHY
o FIEAN {...} THATH LW
(##EF andb_commutative SR)

A+EZE (FREKRE) EEEHE (2D 1) October 3, 2017
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intros + destruct

o T—HDHERERELLBERICENIIOVTDRE
vl pa=Stae

@ intros ICA Y NANF—UMEZ B.

nat DiZH
intros x. destruct x as [| y].
= intros [l y].

bool MiZE

intros b. destruct b.
= intros [].
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mE DT DRE

P(n) #BAH n DHEEICDVWTRRAHBET S
BARMICET 2156017 DRIE
[EEOBERE n IZDWT P(n)l FATFERE

e P(0) D

o EEDBEA n' ICDOWT P(S n’)

o £ INBZ Y TI—-ILAakDIkIhs &R
o ZEBDMABEIXHAEMIC

EEDOBA n> S O ICDWTP(n)
EEILTHBZEITER
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P(b) ZEfAE b OHEICDWTHEREREE T2

EREICET 31565217 DIRE
[EEDEMBME b IZDWT P(b)] IELLTF & EE

o P(true) mD

e P(false)

(B #ZF negb_involutive, andb_commutative ZR)
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CCETOHBEILLWL

@ Coq 771 IDEERER

» Inductive IC& % (JFMH) T — Y BES

» Definition, Fixpoint IC& % (B)R) B E

» Theorem, Example ICk 2MBEDET LY VT 4’ Y
71 & SRR

o B

@ simpl, reflexivity ¥ 774V ¥

o £ E1bF forall, &5 -> & intros

o RELEFXICLIBEEZHZ: revrite 7
TAYVY

o GENDIFTICEL BEEER: destruct 997 714w ¥
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WEE: ) ‘FATL0:30 #6547

@ Exercise D nandb, andb3, factorial, blt_nat,
plus_id_exercise, andb_true_elim2 (%Y IXMEE)

o BREAEZXIAAN Basics.vEFDIEAFVYTA YV
IRHEY AT %8B U TRE

o LUTZI XY MEICHARE (FREXRTY):

- HBE - EBICET2ER/EE, bVl wne
Bl &, TOMRICRZZE. (TRl
IEFATY. )

» REILBATEL 2D, ZTOADEHE], HDE
¥l (web 2 &) #SEICLIZIGE, TOBERE
(URL %2 &).
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fEREDN YA

o (7HD Y MEK)
o MPEDZYUTBEDT 71 I)L% Proof Geneal £ L
< 1% CoqlDE THHAL.
o MBEBMBICK > TI7MINEEZSHRZ D (BELIE
&bé)
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