[EtE & miE )
Software Foundations
D7

ht+EZE
call6@fos.kuis.kyoto-u.ac. jp

http://www.fos.kuis.kyoto-u.ac. jp/~igarashi/class/cal/

December 20, 2016

EEEHE (ZD 7) December 20, 2016

1/36


http://www.fos.kuis.kyoto-u.ac.jp/~igarashi/class/cal/

IndProp.v

o IBMMICEERINDME
o SIBAA 7V U NAEIBATIED
» BH DWW T D inversion
- BHICDWTDRME
o (JRIMMIICEZINDS)FER
e T—RRHN T 4: IERAIKIR
o (T—RARH T 4: reflection DHR)

SHEERE (2D 7)

December 20, 2016 2 /36



REZ IR T A 2 [F o B DER
(1)
Coq < Definition even(n:nat) : Prop :=

evenb n = true.
even 1s defined

Coq < Check even.
even
: nat -> Prop

Theorem two_is_even : even 2.
Proof.
unfold even. reflexivity.
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(2)

Coq < Definition even'(n:nat) : Prop :=
exists k, n = double k.
even' 1s defined

Theorem two_is_even : even’ 2.
Proof.
exact 1. reflexivity.
Qed.
INLDHETIEMBE L THEASEARANLGEE (R
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Coq TOIRMNBNIREEDEFH

Inductive ev : nat -> Prop :=
| ev_.O0 : ev O

| ev_SS : forall n:nat, evn -> ev (S (S n)).

o LW (BAMZEIMET 5)MmE ev DESH
» nat -> Prop ... BAKICET B h5E
o AVANS V4 = BARBDAR]
» HIEDETEEDLDICHERS
o JVANMNZVHDE = HRAIDOAR
» forall n:nat ... FRAID/INS XA —%
. > HBAIORIE & BROEOKTR
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Coq < Check ev_0.
ev_0
> ev 0

Coq < Check (ev_SS 0).
ev_SS 0
cev 0 -> ev 2

Coq < Check (ev_SS 0 ev_0).
ev_SS 0 ev_0
Dev 2

Coq < Check (ev_SS 2 (ev_SS 0 ev_0)).
ev_SS 2 (ev_SS 0 ev_0)

Dev 4
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Theorem four_is_even : ev 4.
Proof.

apply ev_SS. apply ev_SS. apply ev_O.
(x Or: apply (ev_SS 2 (ev_SS 0 ev_0)). *)
Qed.

EEEHE (ZD 7) December 20, 2016 10 / 36



IndProp.v

o IBMMICEERINDME
o SIFAA 7Y U NAFIBATIED
» BH T DWW T D inversion
- BHICDWTDRME
o (JRIMMIICEZINDS)FER
e T—RRHN T 4: IERAIKIR
o (T—RARH T 4: reflection DHR)

EEEHE (ZD 7) December 20, 2016

11/ 36



BEIEOEH A4 TV 5 hOR
R

ev n "8 (BIFA) TE B <—

o BHMDZEDIRAIX Ev-I1l Tn=0, tL<LIZ

o BHMHEFZLDIRAIE Ev-I2 T, 5 n ICDWT
n=S(S(n")) B2, ev n’ TH5.

2oFY

E:ev n THhd <—

e E=ev.0D2n=0, £LLIE

o B n & E'ICDWT E=ev_SS n E HD
n=S(S(n")) ™D, E':ev ' TH5.

EEEHE (ZD 7) December 20, 2016 12 / 36

v




BHICDODWTODIHBEST

Theorem ev_minus2: forall n,

ev n -> ev (pred (pred n)).
Proof.

intros n E.

inversion E as [| n’ E’].

- (*x E = ev_0 *) simpl. apply ev_O.

- (*x E=ev_SS n’ E’ %) simpl. apply E’.
Qed.

CDEEBRIC D WTIE, destruct TH D F < W K.
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destruct &Kk T B & H

Theorem evSS_ev : forall n,
ev (S (S n)) -> ev n.
Proof.
intros n E.
destruct E as [| n’].
(* The goal is still "ev n" *)

—RRIC, T LA (I B EOR B R R

D) %#A, inversion DANEL T,
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inversion 72 & 9 £ < W<
- LDE, HY ZARWGEEEERYRWT N B!

Theorem SSev__even : forall n,
ev (S (S n)) -> ev n.
Proof.
intros n E.
inversion E as [| n’ E’].
(x E = ev_0 RDIFHZRL )
(* E = ev_SS n’ E’ %)
apply E’.
Qed.
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Theorem one_not_even : ~ ev 1.
Proof.
intros H. inversion H. Qed.
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Lemma ev_even_firsttry : forall n,
ev n —-> exists k, n = double k.
Proof.
intros n E. inversion E as [| n’ E’].
- (x E = ev_0 %) exists 0. reflexivity.
- (x E =ev_SS n’ E’ x) simpl.
(* n’ : nat
E’ : ev n’

exists k : nat, S (S n’) = double k *)

o ZDEEHTO2E->TLES
o N, ev n’ ITEFEAH!
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£ L, ev n’ 55 Ik, n’ = double k HNEIBAT X /= &
Len, 2F 0L

assert (I : (exists k’, n’ = double k’) —>
(exists k, S (S n’) = double k)).
{ intros [k’ Hk’]. rewrite Hk’.
exists (S k’). reflexivity. }

apply I.
(* reduce the original goal to the new one *)

o ZDKR, EIMWTRAELI G 7
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N-evm r= P[O]
I,n: nat,IH : P[n] = P[S(Sn)]

(Ev-E)

M= P[m]
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Lemma ev_even : forall n,
ev n -> exists k, n = double k.

Proof.
intros n E.
induction E as [|n’ E’ IH].
- (x E = ev_0 *) exists 0. reflexivity.
- (x E=ev_8SSn’” E’
with IH : exists k’, n’ = double k’ *)
destruct IH as [k’ Hk’].
rewrite Hk’. exists (S k’). reflexivity.

Qed.
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T n = double k TH 3.

BERA: ev n DEHICEAT 2 I1EME. XEDHRAICDOW
ZE=Ral o
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Y, k' ICDWT n’ = double k" TH 5.
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Inductive le : nat -> nat -> Prop :=
| le.n : forall n, lenn
| le_S : forall nm, (lenm) -> (len (S m)

Notation "m <= n" := (le m n).

BHFA
(LE-N)
(LE-S)
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(LA (SRS %EERA
EAXBICIK ev EFEL:

o I—IVICHBEHIAVRANT Y H % apply
o XRICH B785 inversion

Theorem test_lel : 3 <= 3.
Proof. apply le_n. Qed.

Theorem test_le2 : 3 <= 6.
Proof.

apply le_S. apply le_S.

apply le_S. apply le_n. Qed.
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Theorem test_le3 : (2 <= 1) > 2 + 2 =5,
Proof.

intros H.

inversion H. inversion H2. Qed.
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Definition 1t (n m:nat) := le (S n) m.
Notation "m < n" := (1t m n).

o le ZELTICEEFMHNLREREZIHELLL?
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reg_exp T:

Inductive reg_exp (T : Type) : Type :=

| EmptySet : reg_exp T

| EmptyStr : reg_exp T

| Char : T -> reg_exp T

| App : reg_exp T -> reg_exp T -> reg_exp T

| Union : reg exp T -> reg_exp T -> reg_exp T
| Star : reg_exp T -> reg_exp T.

BE T XERES

TIRZOHIPRIFRITI N TLAW
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XFHDT Y F
s="re " [XFF s:list T hre:regexp T IC
NYFIB]

— (MEMPTY)
[1="¢
MCHAR
[x] = Char x ( )
S1 =" rep Sy =" res (MAPP)

S1 ++ s2 =" App re; re;
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s1 =" rep

—— (MUNIONL)
S1 =7 Union rep rep
S» =" re
2 2 (MUNIONR)
Sp =7 Union rej rex
[ = Star re (MSTARO)
s1 =" re Sp =7 Star re
: 2 (MSTARAPP)

s1 ++ sp =7 Star re
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Inductive exp_match T : 1list T -> reg_exp T -> .

| MEmpty : exp_match [] EmptyStr

| MChar : forall x, exp_match [x] (Char x)

| MApp : forall s1 rel s2 re2,
exp_match sl rel ->
exp_match s2 re2 ->
exp_match (sl ++ s2) (App rel re2)
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| MUnionL : forall sl rel re2,
exp_match sl rel —>
exp_match sl (Union rel re2)
| MUnionR : forall rel s2 re2,
exp_match s2 re2 ->
exp_match s2 (Union rel re2)
| MStarO : forall re, exp_match [] (Star re)
| MStarApp : forall sl s2 re,
exp_match sl re ->
exp_match s2 (Star re) —>
exp_match (sl ++ s2) (Star re).
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@ EmptySet IC DWW T DAL 7L
@ Union, Star ICDWTORAIAINT=DF D
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Example reg_exp_exl :
[1] =~ Char 1.
Proof.
apply MChar.
Qed.

Example reg_exp_ex2 :

[1; 2] =~ App (Char 1) (Char 2).

Proof.
apply (MApp [1] _ [2]).
- apply MChar.
- apply MChar.

Qed.
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Lemma MStarl : forall T s (re :
s =7 re -> s =" Star re.

Lemma empty_is_empty : forall T (s

~ (s =" EmptySet).

Lemma MUnion’

forall T (s : list T) (rel re2
s =" rel \/ s =7 re2 —>
s =" Union rel re2.

EEEHE (ZD 7)

reg_exp T) ,
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@ Exercise: ev_double (1), inversion_practice (1),
ev_sum (2), le_exercises (3) M le_trans,
O_le_n, le_plus_1, leb_iff (2)

o BREZEZIAALK IndProp.v ETDI7 74 )L 7%
TZFBTEA VA VIREY AT L% B L TR

o LLFZd XY MEICHAE:

- BE - RBICEY2ER, hHYICKWERLE
Z&, TOMKUTAB I E. ((THFIZALL EF X
TY9. )

» REIKBATEL27b. TOADEE, HOE
¥l (web %2 &) #SEICLIIGE, TOBERE
(URL 7% &).

EEEHE (ZD 7) December 20, 2016 43 / 36




