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G

Coq T, @D (7OVZLERAULL)IED—.
“Prop” BiA&+D.

Coq < Check (3=3).
3 =3
: Prop
Coq < Check (forall nm :nat, n +m =m + n).
forall nm : nat, n + m=m+ n
: Prop
Coq < Check (forall (n:nat) (b:bool), n = b).
Toplevel input, characters 36-37:
> Check (forall (n:nat) (b:bool), n = b).
S -

Error:
In environment
n : nat
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mEAZERT B

Definition plus_fact : Prop := 2 + 2 = 4,

Theorem plus_fact_is_true : plus_fact.
Proof. reflexivity. Qed.
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NG A—=F I NT-hE

Coq < Definition is_three (n : nat) : Prop :=
n = 3.
1s_three is defined

Coq < Check is_three.
1s_three

: mat -> Prop
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Definition injective {A B} (f : A -> B) :=
forall xy : A, fx=fy->x=y.

Lemma succ_inj : injective S.
Proof.
intros n m H. inversion H. reflexivity.

Qed.
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Logic.v

o fiiE

o FMIBKE S
- BEE(hD])
» BE( TFKEIF])
s R - FBREBE( [~TAW])
- B
~ SWIERIEME (if and only if)
- JFIMRENL( THBxDFEELT~])
o MBAEMFE-ALTOVT A
o EEDZIHANDEHM
o Coqvs. E5i
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JEE (conjunction)

A/\B - TAHDDBI

e A/\ B ZilBAT 57-®HICIE A & B ZZFNENiE
B9 %

@ split ¥V 74w
Example and_example : 3 + 4 =7 /\ 2 x 2 = 4.
Proof.

split.
- (x 3+ 4 =7 %) reflexivity.
- (x 2 + 2 = 4 x) reflexivity.

Qed.
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EEDEA

Lemma and_intro : forall A B : Prop,
A->B ->A /\ B.
Proof.
intros A B HA HB. split.
- apply HA.
- apply HB.
Qed.

o TEBEDREA BILOWT] 2 (5% 5 <) ¥
BT EETHR?

@ split & apply and intro (&R L.
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HEEDNSMAHDLD

REICHS A /\ B |E destruct TA & B ICDfET
X 3.

Lemma and_example2 :
forall nm: nat, n =0 /\m=0->n+m= 0.
Proof.

intros n m H.
destruct H as [Hn Hm].
rewrite Hn. rewrite Hm.
reflexivity.

Qed.
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&S DFRE

Lemma projl : forall P Q : Prop,
P/\Q ->P.

Proof.
intros P Q H. destruct H as [HP HQ].
apply HP. Qed.

Lemma proj2 : forall P Q : Prop,
P/\Q->Q.

Proof.

EHHEEHRE (ZD 6) December 6, 2016 11 / 59



Logic.v

o fiiE

o FMIBKE S

» BE( [HD1)

- BE( TFKEIF])
- 12 FBEEBRE([~TRW] )
~ SWIERIEME (if and only if)

- JFIMRENL( THBxDFEELT~])
o MEBAF-/ATOVZ A
o EEDZIHANDEHM
o Coqvs. E5i
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E & (disjunction)
A\/ B TAZ/kIZB]

[F7=1%] DSMAI%EE D ICIE destruct THED T
=9 5:

Lemma or_example :
forall nm: nat, n=0\/m=0->n *xm = 0.
Proof.
intros n m H. destruct H as [Hn | Hm].
- (* Here, [n = 0] %)
rewrite Hn. reflexivity.
- (x Here, [m = 0] *)
rewrite Hm. rewrite <- mult_n_0O.

reflexivity.
Qed.
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EEDEA
Y907 4v 7Y left & right

Lemma or_intro :

forall A B : Prop, A -> A \/ B.
Proof.

intros A B HA. left. apply HA. Qed.

Lemma zero_or_succ :

forall n : nat, n = 0 \/ n =S (pred n).
Proof.

intros [|n].

- left. reflexivity.

- right. reflexivity.
Qed.
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o MBS

(521)

L BE (T4 )

. 17% FEEBE(T~TRWV] )
« FEE (ZL AW

- i@_

]]III il

ATt

- FIEAYEE (if and only if)

- R EL ( THBxDFEELT~])
o MMEZEF>ALTOUS A
o TEHDE|FADIEHH
o Coqvs. £5R
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BEEFE
[PTIEARW] (=P, ~ P)DES

Definition not (P:Prop) := P -> False.

(x False: [FE] MB] ZRTHRIRGME *)
(x [P TIRAW] =P ZRETZEFETS *)
(* not : Prop -> Prop

A Z R ITE > THREZRIEH »)

Notation "~ x" := (not x) : type_scope.
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JEFER

FEOLOEIFATEWVNZS:

Theorem ex_falso_quodlibet : forall (P:Prop),
False -> P.
Proof.
(* WORKED IN CLASS *)
intros P contra.
inversion contra. Qed.

o IREICO0 =1 REXHEFERAL
@ TFX A MTIX destruct contra. & L TWAERTE
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B EDELERA (1)

BEDRI (False 2B 2 &l 0T)A»LaYy

DMHELRZIES.

Theorem not_False : =~ False.

Proof.
unfold not. intros H. inversion H. Qed.

Theorem contradiction_implies_anything :
forall P Q : Prop, (P /\ "P) —> Q.
Proof.
intros P Q H. destruct H as [HP HNP].

unfold not in HNP.
apply HNP in HP. inversion HP. Qed.
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B EDELERA (2)

Theorem double_neg : forall P : Prop,
P -> "7P.

Proof.
intros P H. unfold not.
intros G. apply G. apply H. Qed.
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TF=
x<>ylEo(x=y)DIZ&:

Notation "x <> y" := (7 (x = y)) : type_scope.

Theorem zero_not_one : 0 <> 1.

(* expands to (0 = 1) -> False *)
Proof.

intros contra. inversion contra.
Qed.

EHHEEHRE (ZD 6) December 6, 2016 20 / 59



Logic.v

@ il

o WMIBKES

» BE( [HD1)

» EE (ME71F])
s - FREBRE( [~TRWL])
- B
~ SWIERIEME (if and only if)

- BElL ( TH2xDEFEELT~] )
o MBAM>ALTOVS AL
o EIEDE|IHADEA

o Coqvs. K&
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B

F~

o E (BB E) 2K Y rrE: True
o NI I : True

Lemma True_is_true : True.
Proof. apply I. Qed.

MEWERIZITIA ] 2HETTTEEY.
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Logic.v

@ il

o FMIERES
» BE( [HD1)
» BE(TFkiF])
s B FBERE( T~TARW])
- B
» FWIERIEME (if and only if)
- BElL ( TH2xDEFEELT~] )
o MBEMFES/LTOVT A

o EEDF|IHADEA
e Coqvs. £E55m
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(FRIERY) EE

[E{E (if and only if) |&, WAMADEEDES:

Definition iff (P Q : Prop) :=
P ->Q /A @Q-—>P).
Notation "P <-> Q" := (iff P Q)
(at level 95, no associativity) : type_scope.
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RMEMICET 2ME

Xg AN E

Theorem iff_sym : forall P Q : Prop,
(P <> Q) -> (Q <> P).

Proof.
intros P Q [HAB HBA].

split.

- (x -> %) apply HBA.

- (% <= %) apply HAB. Qed.
Qed.
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trRER T D [FLI] & LTOiff

WL DHDDY VT 14 U (reflexivity, rewrite) Tl
iff 2 = EALCELDICH/RIZENTES
EHFELAWVW (477 0O—NR):

Require Import Coq.Setoids.Setoid.
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Lemma mult_O : forall n m,
n*m=0<>n=0\/m-=0.
Lemma or_assoc : forall P Q R : Prop,

P\ (Q\/ R <> (P \ Q \/R.

Lemma mult_0_3 : forall n m p,
n*m*xp=0<>n=0\/m=0\/p-=0.
Proof.

intros n m p.
rewrite mult_0. rewrite mult_O.
rewrite or_assoc.
reflexivity.
Qed.
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Logic.v

=]
Gy

o MIBMES
» BE( [HD1)
» BE( TFKEIF])
s B - FBREBE( [~TRW])
» B
» SWIERIEME (if and only if)
- JFIREWL( THBxDFEELT~])
o BEAF A TOYS A
o EEDZIHANDEHM
e Coqvs. £E5m
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wirE1l

Ix : X.P- B X DEFHR x NFEL TP

Lemma four_is_even : exists n : nat, 4 = n + n.
Proof.

exists 2. reflexivity.
Qed.

o [FIEMDEIM] (witness) ZIEET % exists
o BIEME, IGEHL] W’ HBEZW/T I & ZAHAT S
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R EAL I BE T 2 EE8R (3)

XARICHFFREIE D B BEFIE destruct Z{FD
o (EFIEHbMLAW) IFEDER] &

o TNAMEZR®LT, EVLWHIRE
NELND

Theorem exists_example_2 : forall n,
(exists m, n = 4 + m) ->
(exists o, n = 2 + 0).
Proof.
intros n H.
destruct H as [m Hm].
(x witness I intro /XY —VTHEIAE DTS %)
exists (2 + m). apply Hm. Qed.
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Logic.v

fnRE

mIEfE S

SEEF- 7O S A
EIEDE|I A DEA

Coq vs. &E&
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fnRa 7 IR 9 B IRRIREEEX
(x IFVURANIDERTHD] TE%=KRITMHE

Fixpoint In {A : Type}
(x : A) (1 : list A) : Prop :=
match 1 with

| [] => False
| x> :: 1> =>x> =x\/ Inx 1’
end.

o x IE—EREFLLV, FXiI,
o X IFE"EREZLL, Tk
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Example In_example_1 : In 4 [1; 2; 3; 4; 5].
Proof.
simpl. right. right. right. left.
reflexivity.
Qed.
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Example In_example_2 :
forall n, In n [2; 4] ->
exists n’, n =2 *x n’.
Proof.
simpl.
intros n H. destruct H as [H1 | [H2 | [1]].
- exists 1. rewrite <- H1l. reflexivity.
- exists 2. rewrite <- H2. reflexivity.
Qed.

@ XA NMLZ intro /Xy —
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Logic.v

AE
GTepE|

mIEfE S

PEEF-> A TOT T A
EIEDF| A DEA

Coq vs. £HA
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EFEAE B —_RA TV b
Check OV Y~ RDEE)

Coq < Check 1.
1
: nat
Coq < Check plus_comnm.
plus_comm
: forall mm : nat, n +m=m + n

o EAELIOTVK?
o EEDXMEMINHINEMHODETHZHNDLD ?
o ElE--
» plus_comm |& [EERRA 7z b EWDHT—%
(2E:1)
» SEFAA 72z NDOBII MR
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B — ai@gl?

BETFr—9DEVWAEEZRET S
@ nat ->nat -> nat

» 3f=D®D nat Z5|WELTHA B E, nat HMEH
ns

o VX : Type, X > X
» BT ZB|ELTEZASE, T->T BHOBHED
ToNns
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Az L) V)BT <HED

oen=m->n+n=m-+m
» n=m®DiFBRE5Z25%5E, n4+n=m+ m D
BANEONBI?
eVn:nat,2«xn=n-+n
- BAM a 5525 ¢& 2xa=a+a DIAIEDS
nasli?

Coq < Check (plus_comm 3).
plus_comm 3
: forall m : nat, 3+ m=m+ 3
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B LEDOR A A > 725EER A = /=T

Lemma plus_comm3_take3 :

forallnmp, n+ (m+p)=(p+m +n.
Proof.

intros n m p.

rewrite plus_comm.

rewrite (plus_comm m).

reflexivity.
Qed.

assert 2{FXILYITLAVYINTLL?
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Logic.v

o iR

mIEES
hBEEF-TOTS L
EE DB~ DEH

Coq vs. £HA

- BEELD AN

- Rl & BEAE

» HEERIE vs. HWRKHIERIE
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%4 = BE?

o x "EE X DEHRTH?
» 2 I IBBOEEDERTH D
o x XME X EHT (BB X(x) PHIIT )
Definition ev (n:nat) : Prop :=
evenb n = true.
Check (ev 2).
ev 2 : Prop (*x 2 ([FBETH B *)

Coq DIRIBEEGMIIUTVWEINEELEVEDH S
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FHHDFL S

B COEAHBDFEL S DERE

Fg: X = Y 1ELW LD vx e X, f(x) = g(x)

o AHANDEAREITHSB
o FAEIDANLEM (extensionalitiy) RIEEE £ LN,

Coq COBEMMDEL TDESE J

f,g:X—>Y7‘J“%LL\<d—Lf>f<—>g

o BMICLDFELS
o # MM
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Example function_equality_ex2

(fun x =>x + 1) = (fun x => 1 + x).
Proof.

(x Stuck *)
Abort.
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SHEHEDAIEDIEN
Axiom 3<% N (GEERZR L TEA 2 apEDIEN)
Axiom functional_extensionality :

forall {X Y: Type} {f g : X -> Y},
(forall (x:X), fx=gx) > f =g.

Example function_equality_ex2 :
(fun x => x + 1) = (fun x => 1 + x).
Proof.

apply functional_extensionality. intros x.
apply plus_comm.
Qed.
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REBOEMTDONT

o MTEHEMNATHEML TEWHIF TN

o ARNFBE (I THLIAATESD LD IC4 D) Bt

o FELBWI EERTDIRAE

o FHAHDMNEMLEITEMLTEFBE LAV EHF
LHNTW3

o Print Assumptions FEIE#. T, SEARICE AR
Y oW AN
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Logic.v

AH
GTepE|

GpE )
EEFE- AL TOTS A
EEDBI A DEH

Coq vs. &

» BEEL DA

- Rl & BEfAE

- ELERIE vs. HWEKRIERIE
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iR & EaE

ME AT B MDD HE BEAlE (bOOl) bahTor |

(Prop)
Bl1: nl3BHTHS

@ evenb n b true R
o % k "F1EL T, double k = n
ZDIGE, MN=DDEWAHITHM

Theorem even_bool_prop : forall n,

evenb n = true <-> exists k, n = double k.

B{41E evenb n |EM 7 exists k,n = double k %
JRBR (reflect) LTWS, &WD
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B2 BRI n & miIFFELWL
e beg_nat n m M true %R
en=m

Theorem beq_nat_true_iff : forall nl n2 : nat,
beq_nat nl n2 = true <-> nl = n2.
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finl vs EiA1E

o [beq_nat n m = true = RY ] T &ML
(7T, EERRDIZICH T Y Fo /o
o — A, ln=m] THBZENDLDBE revrite T
FEHIZENTES
o MICHRE (n = m) IXEtEAH (I ZIF if DRMEFERA
E) THEAARL
» BZbNTBOERZHIET 5 —kNAAE
(FILTY XL) DM RWT & & Ef%R
o STETHIETEBMETH Prop Tidit L7z ANEE
BRGBEEEWV
» BBl 325 s NERIRIR R ISR Y FT 5 (M E
2 HY)
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Proof by reflection

%, TNZ2RMITI2EHBERBICEZETRAT, §
BIC& > TEAY 5.
D DD (7?)EERA

Example even_1000 : exists k, 1000 = double k.
Proof. exists 500. (x £9 k ZRDIF 5 *)
reflexivity. Qed.

reflection | & % EIFBH

Example even_1000 : exists k, 1000 = double k.
Proof. apply even_bool_prop. reflexivity. Qed.

— &I reflection IC L BEEBAD AA, HY Bl
5.
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Logic.v

AH
AR 28

mIEkE S
BEAEFE- 7O S A
EEDFI A DEMA

Coq vs. &

- FAE DA IE M

» il & BB

» SHERIE vs. HABYERIE
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Hip 2

[EARBBTHLZTDEENEED ED S HEMKIL
ERN

Definition excluded_middle :=
forall P : Prop, P \/ ~ P.

i& Coq TIXEEEAT T 72N
o SfART ZIIBICIIDE, BE - BEES L%t
%H left, right TEEEQRIFNIELIFARL
o HEBLAEMAITLWVWAIE P ITIKET DT
IKIEH D5 AL
» INt, BAONIHEOCERZHET 5 — KT
BRAEE(FZILTY XL) MRV & &%k
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BRE & 7 HEh i (1)
E/B{ET reflect TEX 2358

Theorem restricted_excluded_middle
forall P b,
(P <-> b = true) -> P \/ ~ P.
Proof.
intros P b H. destruct b.
- left. rewrite H. reflexivity.
- right. rewrite H.
intros contra. inversion contra.
Qed.

EHHEEHRE (ZD 6) December 6, 2016
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BRE X 7= HEFR AR (2)
ZSICDOWVWTOHERE:

Theorem restricted_excluded_middle_eq :
forall (nm : nat), n=m \/ n <> m.
Proof.
intros n m.
apply
(restricted_excluded_middle (n = m)
(beq_nat n m)).

symmetry.
apply beq_nat_true_iff.
Qed.
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tE R HYEREE (constructive logic)

HERELRVWEDI T - W T,

o FE (3x, P x) DEEAN T X2, [t P 27
DH ] ZFEEAFRICEDITHT I ENTE 3.
» FEEPAIE TP Zim/=d b ] Z=1E2 (BT %)

WEI D D

o WIZ, W DA DAL EEE (BEIC K > TEFRA

BE) ICAR D

o I EZFR O WGRIE : BARIRIE
o HFhE% (EEDHRAEIC) 3RO S 5mIE : HHRE

(classical logic)
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BRBY T AW TFIEEE R D B

al "EBHTH D LD LREEBHOME a, b B
FET S

(GEBR) V2 HEBMTHS. L, 2 AEENA
51, a=b=+V2 EFThiIELW. 5 TRITNI,
a=v2" b=Vv3etre,

ab =2V = P =2 b, BRI,

(8 CHRRAEG > DAYETH?)
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ftb DB BIERIE TIEEROHRWRIE

D EBEDBE (REDLIEHE)

E%ﬁ@ﬁ B PICDWT, PDEBEAIRELTFEN
Bl PTHD, EWoTLW

Theorem classic_double_neg : forall P : Prop,
“"P -> P.
Proof.

intros P H. unfold not in H.

(* But now what? There is no way to
"invent" evidence for [P]. %)

Abort.
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FEABYERIE TITANIL L7 WHBERIE R

5

o /N— Rl (Peirce’s law): (P> Q) > P) > P
o BEfpE: PV P

- 22 L, ——(P VvV —=P) (=95 AV
o N - EIAVAI(D—ER):

» (AP A-Q)>PVQ

» (P->Q)->(—PV Q)
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BEE:  / FE710:30 FEY)

@ Exercise: and_assoc (2),
or_distributes_over_and_2 (2), contrapositive
(2), not_both_true_and_false (1),
dist_exists_or (2), in_app_iff (2),
beq_nat_ false iff (1)

o BBEEEZIIAAR Logic.v ETDI7 7ML &%
’C%’:Zl’/7’f VIRHY AT L% @ L TiRE

o LLF%Z=d XY MEICHAES:

- B HRBICEYT2ERM, hAYILKWERLE
&, TOMKUIAZB I E. (IR LL 1E9 A
T9. )

» REICBZTEL 25, %O)Ad)%ﬁﬁ, D&
Bt (web 70 &) Z#5EIC LIBR, TOBRHRIER
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