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Coq T, @D (7OVZLERAULL)IED—.

“Prop” Bl H5D.
Coq < Check (3=3).
3 =3
: Prop
Coq < Check (forall n:nat, n = 2).
forall n : nat, n =2
: Prop

Coq < Check (forall (n:nat) (b:bool), n = b).

Toplevel input, characters 36-37:

> Check (forall (n:nat) (b:bool), n = b).

>

Error: In environment
n : nat

b : bool
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SFEHE T EF YV R

o A EREZHODDERAKKIC, BELERZRD
o HREEICBY 2ERIF GEAF TV U M

Coq < Lemma silly : 0 * 3 = 0.
Coq < Proof. reflexivity. Qed.

Coq < Print silly.
silly = eq_refl
D0 *x3 =0

o eq_refl NEERAA T TV K
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BREOIRAA T 7 MIEK

Coq < Lemma silly_implication :
Cog< (1+1)=2->0=x%3=0.

Coq < Proof. intros H. reflexivity. Qed.

Coq < Print silly_implication.

stlly_implication =

fun _ : 1 + 1 =2 => eq_refl
1 +1=2->0*x3=0

EHHEEHRE (ZD 6) December 21, 2015

5/1



Coq ICHB T B REDEINAE

BABMTZDERULELDIC Inductive ZfED !
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¥ & (conjunction)
P2 QI DERE

Inductive and (P Q : Prop) : Prop :=
conj : P->Q -> (and P Q).
Notation "P /\ Q" := (and P Q) : type_scope.

o MBE/NTA—Y LT HmBEES

o B and P Q (P A Q) DIEMLIL P DEEMLE Q DEE
WHD (conj 2fH172 2 ET)BHRIND
» conj BNEARAICHELTWS

@ WICPAQ DML DHNIE, ZIHS5P DIELE Q

DEEAER Y H 2
- BREANEY (BSOS EBERIND)
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EFRDESR & DR

Inductive and (P Q : Prop) : Prop :=
conj : P->Q -> (and P Q).

Inductive prod (X Y : Type) : Type :=
pair : X => Y -> (prod X Y).
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[mD>1 DEEEA (1)
(521 ICEAT2REN 251X OFTHENLNT
WBDT, SETDY VT 1 VTHATES

Theorem and_example :
(0=0) /\ (4 = mult 2 2).
Proof.
apply conj. (x H LI split. *)
- (x left *x) reflexivity.
- (% right *) reflexivity. Qed.

Print and_example.
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[AND 1 DEERR (2)
REIC THhD] HAIRNBIFE:

Theorem projl : forall P Q : Prop,
P/\Q —>P.
Proof.
intros P Q H.
destruct H as [HP HQ].
apply HP. Qed.

o HIZERMICIZ P MifARE Q DIFFAD R —
destruct THOHE
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(FRIERY) EE

[E{E (if and only if) |&, WAMADEEDES:

Definition iff (P Q : Prop) :=
P ->Q /A @Q-—>P).
Notation "P <-> Q" := (iff P Q)
(at level 95, no associativity) : type_scope.
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FHEMSEICET 548

Theorem iff_implies : forall P Q : Prop,
(P<—>0Q) —>P —->0Q.
Proof.  (x 2L projl DFEFFRT —R *)

Qed.
Theorem iff_sym : forall P Q : Prop,

(P <> Q) -> (Q <> P).
Proof. (* 2Eld and_commut DFEFIRT —R *)

Qed.
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¥ 5 (disjunction)
P %713 Q) ® (BMHA) ES

Inductive or (P Q : Prop) : Prop :=
| or_introl : P -> or P Q
| or_intror : Q -> or P Q.

Notation "P \/ Q" := (or P Q) : type_scope.

o BEi—or P Q (PVQ) DM EHEKT 2 HiEIFZ
By

» P DEEA 5 HERK
» Q DEELD SFER
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[F7E] ICDWTOEERA (1)

Check or_introl.
Check or_intror.
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[F 72131 ITDWTDEERA (2)

Theorem or_commut : forall P Q : Prop,
P\/Q->Q\/P.
Proof.
intros P Q H. destruct H as [HP | HQJ].
- (x left *) apply or_intror. apply HP.
- (* right *) apply or_introl. apply HQ.
Qed.

H (&
@ or_introl P Q HP (7z7ZL HP : P) D H

e or_intror P Q HQ (7z7ZL HQ : Q) D
DWITNDH = destruct (X7l inversion) IC &
RE =wal o)
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(%72 1E) KD W T DIEE (3)

Theorem or_commut’ : forall P Q : Prop,
P\ Q->Q\/P.
Proof.

intros P Q H. destruct H as [HP | HQ].
- (x left *) right. apply HP.
- (x right *) left. apply HQ.
Qed.

e left. (& apply or_introl. DBg
e right. & apply or_intror. DB
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[N D] TF7/Id] & andb, orb
WIBEASF A,V EEBIELEDOREE andb, orb DR

Theorem andb_true__and : forall b c,
andb b ¢ = true -> b = true /\ ¢ = true.

Theorem and__andb_true : forall b c,
b = true /\ ¢ = true -> andb b ¢ = true.

Theorem andb_false : forall b c,
andb b ¢ = false -> b = false \/ ¢ = false.

HE
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{4 (falsehood)
] (L& bEAND) DES

Inductive False : Prop := .

o AVANTVIMNEELABWVWESR!
o AMIFARIFFEEL AWV
o BAMRAIEEFEEL AWV

EHHEEHRE (ZD 6) December 21, 2015 21 /1



(&1 1T DWW TDEERA (1)
Check False_ind.

Theorem False_implies_nonsense :
False -> 2 + 2 = 5.

Proof.
intros contra.
destruct contra. Qed.

@ destruct: FEDLIFIZLY, AVAMNZT V5 DEIC
S Lt 7 I—ILERK

o AVAKNZVADHDORDT, Y7I—ILEO

° ’)iUEEEH?ET!
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(&1 1T DWW TDEEEA (2)

False #fgi e L CEK E—DFERIIXIRICFE = F
HEXIEFBZ L

Theorem nonsense_implies_False :
2 + 2 =5 -> False.
Proof.
intros contra. inversion contra. Qed.

$HAI LB (@5A1 & £ IR)

Theorem ex_falso_quodlibet : forall (P:Prop),
False -> P.

Proof.
intros P contra. inversion contra. Qed.
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o |
aE
[P Tl (P, ~ P)DES

Definition not (P:Prop) := P -> False.
(x [P TIERAW] =P ZRETBHEFETS )

Notation "~ x" := (not x) : type_scope.
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BE & F > 7=5ERA (1)
BEDRI (False 2B 2 &l 0T)A»LaYy
DERIES.

Theorem not_False : =~ False.

Proof.
unfold not. intros H. apply H. Qed.

Theorem contradiction_implies_anything :
forall P Q : Prop, (P /\ "P) —> Q.
Proof.
intros P Q H. destruct H as [HP HNA].

unfold not in HNA.
apply HNA in HP. inversion HP. Qed.
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& E %& 8> 7=FEFA (2)

Theorem double_neg : forall P : Prop,
P -> "7P.

Proof.
intros P H. unfold not.
intros G. apply G. apply H. Qed.
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Coq DEmiR (& o HERIE TlX 7R LI

o HiliRIE: BRERTEMKRZS A R
o Coq DRIEIXEEHEHFFIE (intuitionistic logic) & M
ins
o HHMMETIIELVLWHBTERILLBRWVWEDLH S
o ffl: —EBEDIRE
Theorem classic_double_neg : forall P : Prop,
““P -> P.

Proof.
intros P H. unfold not in H.
(* But now what? There is no way to
"invent" evidence for [P]. x*)
Admitted.
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B EHRMIE TIEKIL L eV R
/NI

o /X—2AI: (P->Q)->P)>P
o HEFREE: PV —P
» 7272 L, —I—I(P Vv —IP) (&R IL
o N-EIHVAI(D—E): =(-PA-Q)->PVQ
o (P -> Q) -> (—|PVQ)
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F5

x<>ylda(x=y) DI &:

Notation "x <> y" := (7 (x = y)) : type_scope.

Theorem not_false_then_true : forall b : bool,

b <> false -> b = true.
Proof.

intros b H. destruct b.

- (¥ b = true *) reflexivity.

- (* b = false *)
unfold not in H.
apply ex_falso_quodlibet. (¥ FEfA *)
apply H. reflexivity. Qed.
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FEEE : / FET10:30 5]

@ Exercise: and_assoc (2),
or_distributes_over_and_2 (2), contrapositive
(2), not_both_true_and_false (1),
false_beq nat (2)

o BBEEEZIAAR Logic.v ETDI7 7ML &%
'C’&ZI’/7’( VIR Y R T L %@ U TIRE

o LA'F%Z O XA MEICHAEE:

- EBE - RBICEYT2EM, bhVICKWERLE
&, TOMKITAZ I E. (IR LL 1E5 A
T9. )

» REICHZTEL 2L, TDADEH], HOE
£ (web 70 &) Z5EICLTHE, TOERIR
(URL 72 &).
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