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HARADRT
BN N cD (L) DAV A NS V9 5 FEoBER

Inductive natprod : Type :=
| pair : nat — nat — natprod.

o AVANZVINVEDLIFTDE
o pair: BA /D% & o T natprod ZE5

» pair 1 2 : natprod

» pair (4 + 3) 2 : natprod

» natprod DX (DIE) (T4 pair ... ... DF
ZLTW3

@ product --- (fB®D) T HI bE
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5 BFROHY H LR

Definition fst (p : natprod) : nat :=
match p with
| pair x y => x (x NI —2VDHFEEE! *)
end.

Definition snd (p : natprod) : nat :=
match p with
| pair x y => y
end.

o fst - HB—HIF (first projection)
@ snd - % 5IF (second projection)
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Notationil & 5 REN/ARILEDEA
Notation "( x , y )" := (pair x y).

Definition fst’ (p : natprod) : nat :=
match p with

| (x,y) =>x (x NI—=UTEHFEZSD! *)
end.

Definition swap_pair (p : natprod) : natprod :=
match p with
I (x,y) => (y,%)
end.
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RTICEY R M E DA

TEIE: Surjectivity of pairing
EEDORTIE, TOE—HWPEE_RNEOMEEEFLL
(TRab5, HEELIBRFEIEFICEOTWS. )

Coq ICLBRIEETD1
Theorem surjective_pairing’ :
forall (n m : nat),
(n,m) = (fst (n,m), snd (n,m)).
Proof. reflexivity. Qed.
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LY BARLFKRIE

D2
Theorem surjective_pairing :

forall (p : natprod), p = (fst p, snd p).
Proof.

intros p. destruct p as [n m]. reflexivity.

Qed.

o DEDLMBWITNEZEDIT
» natprod RS MATHDE (n,m) ZLTW3
o BHABHEBEANT B4 bONY—
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JARMERE?
(5D (BER) Z—ANHEREDREFY E#RT
T—%5
)X MDEY FA:
o YR b (nil) « 2TDOY R O (1-h)
o BFDY X MDEBEANER%ZIEMT % (cons)
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B X MNDEE

Inductive natlist : Type :=
| nil : natlist
| cons : nat -> natlist -> natlist.

(Eﬂﬁkiﬁ X MDY A
o ZZ) XK (nil) IV A NTH S

o BAM n ZBHAY) A~ 1 OEFHIEMLAETD
(cons n 1) TV R KTH S

B & DBEDELITER!
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) 2 MEFREC
@ cons DXbLY DEFEHEERF n :: |

o ERAFEITBRE [n; m; ...]
s v ABEZUED I EMSD LW

UTRETELY R M Z2EZLTWS:

Definition mylistl := 1 :: (2 :: (3 :: nil)).
Definition mylist2 := 1 :: 2 :: 3 :: nil.
Definition mylist3 := [1;2;3].

EHEEHE (20 3) October 27, 2015 11 / 48



) R MEVEREEN(1): repeat

n " count EIEAZY) R K

Fixpoint repeat (n count : nat) : natlist :=
match count with

| 0 => nil
| S count’ => n :: (repeat n count’)
end.

5%
(define (repeat n count)
(if (= count 0) ’ Q)
(cons n (repeat n (- count 1)))))
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) A MEEREEN(2): length

VA MDRY:

Fixpoint length (1l:natlist) : nat :=
match 1 with

| nil => 0
| h :: t => S (length t)
end.

5.

(define (length 1)
(if (null? 1) O
(+ 1 (length (cdr 1)))))
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VA MZHET SRR EEERT 5TV

o OV ALEELHIII, ANABIZERILEZT, Zh
TNHAMAICRBZREDNZIEFT S
» BARETHNIL Example DIREINTWVWE &
o EAXII nil DIFEE h :: t DIFEDIT
» )R MNBIBD B S B5E, EELTHAER T
FTEMUZE LW ED DD — BLRTRENES
e )
eh :: t DIFE, t ICHLTHENRUHELZ LK
ROEK)ZTOTSLIFRBVWTESERLS
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) R M EEVEREEN(3): app(end)

) 2 N DERE

Fixpoint app (11 12 : natlist) : natlist :=
match 11 with

| nil => 12
| h :: t =>h :: (app t 12)
end.

5%

(define (append 11 12)
(if (null? 11) 12

(cons (car 11) (append (cdr 11) 12))))
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app 11 12 @ (Bf#EHE) PEELE: 11 ++ 12

Example test_appl: [1;2;3] ++ [4] = [1;2;3;4].
Example test_app2: nil ++ [4;5] = [4;5].
Example test_app3: [1;2;3] ++ nil =
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) 2 MRVEEAZL(4): hd, tl

Definition hd (default:nat) (l:natlist) : nat
match 1 with
| nil => default
| h :: t =>nh
end.
Definition tl (l:natlist) : natlist :=
match 1 with
| nil => nil
| h :: t =t
end.

o Bl nil OFEH IS —ICTIRLVDTEYRIE
(default) ZiRY
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) A~ vs HAREK

Inductive natlist : Type :=
| nil : natlist
| cons : nat -> natlist -> natlist.

&

Inductive nat : Type :=
| 0 : nat
| S : nat -> nat.

o EREHMEAL T, BELIFRNIZAL!
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)R b vs BAE (2)

Fixpoint app (11 12 : natlist) : natlist :=
match 11 with

| nil => 12
| cons h t => cons h (app t 12)
end.

&
Fixpoint plus (n m : nat) : nat :=
match n with
| 0 =>m
| S n’ =>S (plus n’ m)
end.
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B bl £ SEE

Theorem nil_app
[J ++1=1.
Proof.

: forall 1l:natlist,

intros 1. reflexivity. Qed.

BAMODRBR LEELRBUTUTIEZ D BFETIT AL

Theorem app_nil_end : forall l:natlist,
1 ++ [] =1.
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SmE T IC & ZEER
Theorem tl_length_pred : forall l:natlist,
pred (length 1) = length (tl 1).

Proof.
intros 1. destruct 1 as [| n 1°].

- (x 1 = nil *)
reflexivity.

- (1 =consn 1l %)
reflexivity. Qed.

e M hANY—YT1l1=n::1 Z2KRIELTWS

October 27, 2015
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) 2 MCET 2 I1EHE
P(I) % (BRB) Y X b 1 IKDWTRREHBEET S

YR MCEY % IREDIREE

[MEEDV XK 1IZDOWT P(1)] ZELTFEREME

e P(nil) D

o FEDBEARE n, VRNV IZDWT P() RIF
P(n::I')

BRDBAERTEEST, P(n::I')Z2RTDIC, V&

DEMNYRAMNTIFPAKILILTWSZE (DFY

P()) ERELTLL

o P(I') = TE#EDIRE] (induction hypothesis, IH)
& N
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BE - L& HEMIFNE

P(n) # BAMOMEICOVWTERRAEMBEET S
HFBFINE DR
[EEDOBERAE n ICDOWT P(n)] T EREE

e P(0) »>

o FEDBEAR n’ ICDWVWT P(n') A5 1E P(S n')

BRR2BE0FEEST, P(Sn) 2RI DIC, V&

DINEWETIE P ARIZLLTWB Z & (2FY P(n'))
ZRELTELWL

o P(n') = TIEMEDIRE] (induction hypothesis, IH)
& N
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/,
+ DIEE
Theorem app_assoc : forall 11 12 13 : natlist,
(11 ++ 12) ++ 13 = 11 ++ (12 ++ 13).

Proof.
intros 11 12 13. induction 11 as [| n 11°].

- (*x 11 = nil *)
reflexivity.

- (x 11 = cons n 11’ =)
simpl. rewrite -> IH11’. reflexivity.

Qed.
o ELEDHAEDIALLEERLTHLEL D!
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app DIEEEDHARGEIC K SEEHA

FHE: FEOD I1,12,13 12DV T
(11 ++12) ++ 13 =11 ++ (12 ++ 13) TH S
AEEA: 11 IZD W T DIRMNIE.

oll=1[] &9 5.

([ ++ 12) ++ 13 = [1 ++ (12 ++ 13)

ERYRENHBD, IhiE ++ OERLYEALH. |
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o ll=n::11" 2L,
(11 ++ 12) ++ 13 =11 ++ (12 ++ 13)
T 5.
((n::11) ++ 12) ++ 13 = (n::11)) ++ (12 ++ 13)
ERTUHENH BN, + DEHRLY, Thi
nos((I1 ++ 12) ++ 13) = n:: (117 ++ (12 ++ 13))
EFRME. CHhIZBWEDIRESL YBAS D, (FEERRR)

A+EZE (FREKRE) October 27, 2015 27 / 48



HFMFNE IC £ D EEEA D BER

EE: EEDOBEAE n ICDWT P(n)
BEER: n ICRAY 2EENRINEICEL .
o n=0 DIFE:
...... P(0) DEERR -
o n=S() DBA, =L P() &T3:
...... P(S(n’)) DIEBR -+
(- IRHEDIRE L Y -++)
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)R MY B IFNEICK DEEER D&

i

EE: FEDY XM 1IZDWT P(I)
ZEER: 1 ICEAT 2 IRIEIC K 5.

o |l =[] D
...... P([]) DEEBR -
o l=n::lI' DIFE, L P(I) &T5:
...... P(n::l') DIEBE -

(- IREDREL Y )

A+ 2 (REAS) SHEERE (20 3)

October 27, 2015
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Blat>0ED

Theorem app_length : forall 11 12 : natlist,
length (11 ++ 12) = (length 11) + (length 12)
Proof.
intros 11 12. induction 11 as [| n 11°].
- (x 11 = nil *)
reflexivity.
- (x 11 = cons n 11’ %)
simpl. rewrite -> IH11’. reflexivity.

Qed.
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OV LEMEH: )R bDRER

(x REICTEBINT ADT (cons 23D 55A T) snoc

Fixpoint snoc (l:natlist) (v:nat) : natlist :=
match 1 with

| nil => [v]
| h :: t = h :: (snoc t v)
end.

Fixpoint rev (l:natlist) : natlist :=
match 1 with
| nil => nil
| h :: t => snoc (rev t) h
end.

EHEEHE (20 3) October 27, 2015 31 /48



Theorem rev_length_firsttry :
forall 1 : natlist,
length (rev 1) = length 1.

Proof.
intros 1. induction 1 as [| n 1°’].
- (x1=1[] %)
reflexivity.
- (x1=mn :: 1" %)
simpl.

(x EESFNWT—):
length (snoc (rev 1’) n) = S (length 1’) *)

o F~IX (revHH5MIEN B)snoc ICEAL THEIERL T
AYANAY
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snoc ICFE9 B

Theorem length_snoc :
forall (n : nat) (1 : natlist),
length (snoc 1 n) = S (length 1).

Proof.
intros n 1. induction 1 as [| n’ 1°].

- (* 1 = nil *)
reflexivity.

- (x 1 =cons n’ 1’ %)
simpl. rewrite -> IH1’. reflexivity.

Qed.
e DELI-—INLYDL—MI(?) LIEE
» c.f. snoc DE—B|E
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T FEZIERIETE B!

Theorem rev_length : forall 1 : natlist,
length (rev 1) = length 1.
Proof.
intros 1. induction 1 as [| n 1°].
- (x 1 = nil %)
reflexivity.
- (x 1 = cons *)
simpl. rewrite -> length_snoc.
rewrite -> IH1’. reflexivity. Qed.

EHEEHE (20 3) October 27, 2015

34 /48



FERNEBRA (V7 —Y 3]
(8] 1R cRR/AN—2 3y
i EFED n & 1ITHL
length (snoc | n) = S(length |) TH %.
SERA: | ICRE T 2 IEHNE.
o l=1[] &£T 5.
length (snoc [] n) = S(length [1)

EFRIWMELHBD, Ihid length,snoc DEE &L
Y BR 5 D
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ol=n"::l' 2L,
length (snoc I’ n) = S(length I')
&9%. T
length (snoc (n’::1') n) = S(length (n’::1))

ERIMLENDH DD, length,snoc DEZELY, T
nix

S(length (snoc I' n)) = S(S(length I'))

CRAETHY, ThERIMEDREL YELA. (G
BRHR)
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EE: EREDOY AN ICXL
length (rev 1) = length |
EEER: 1 12D W T DIRHNIE.
ol =[] &9 5.
length (rev [1) = length []

ERIWMENH BN, Il rev,length DEE L
Y BR 5 D
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o l=n::l'Z7ZL, length (rev ') = length I' &
¥ 5.

length (rev (n::l')) = length (n::I')

ERTILELHBD, rev,length DEF LY, Z
niE

length (snoc (rev I') n) = S (length I)
ERME. RIDFMELY, ThiZ
S (length (rev I')) = S (length I')
ERMET, ZhIZIFREDRESLYEASD.
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FERNEBRA (V7 —Y 3 v2)
o> TWB AAEITDRERE/N— 3 Y

EIE: FEDY AN ICRL
length (rev I) = length |
Y,

length (snoc I n) =S (length I)
THD(ThiE | ICETZRIEICE ) 2 & IERT
&, COEBIICEATRZ/METRI IENTE
5. FiICl=n::' DIFET, LOMEZRWEDR
EEHAEHOETED.
EBLNVVNHNIRR - HAHAFICE DD, VEFTH
BICBNZETRARARY A EFE>TIEIW,
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{EF) 3~ > N: SearchAbout

o HIICEERA L EEDEZRIRATEA TV O
@ SearchAbout foo EMT B & foo ICAT DEES
MREZELTL< NS

@ proofgeneral 78 C-c C-a C-a
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Lists.v

BARBDRT (3 7F=Df)
B 2 b

) 2 MIEY 2R

T avB

(& OTF—9RE (E)
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A7 avE
[~m% Lhgwil)

Inductive natoption : Type :=
| Some : nat -> natoption
| None : natoption.

@ Some 5
@ Some 42
@ None
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7 avBIOFEWNE
J)Z MDD n BEEHDERZIRTEL index
e N AKIITIEBZHEICESILIZSLW?

Fixpoint index_bad (n:nat) (l:natlist) : nat :=

match 1 with
| nil => 42 (% arbitrary! *)

| a :: 1” => match beq_nat n 0 with
| true => a
| false => index_bad (pred n) 1’
end

end.
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FFoavBEFEDS &
@ DD MDRYIEZ/RT Some
o WHMIRYEMNDWNT & %/RT None

Fixpoint index (n:nat) (1:natlist)

: natoption :=

match 1 with

| nil => None

| a :: 1’ => match beq_nat n 0 with
| true => Some a
| false => index (pred n) 1’
end
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FHZ: if-then—else

| a :: 1”7 => if beq_nat n 0 then Some a
else index (pred n) 1’

o Eld bool £IF TR, AVAIZIIDBNDD
inductive type RS CHHEZ 5!
» EZCOIRHEKTE

* —HBBHDIVARNZ V%5 then 81, —FEBLDS else fl

o NI —VICLBEDERYELIETEARL
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Lists.v

o BARMDART (A7=D#H)

BAAE) R b

) X MIEAY 2 H#R

A7 avE

[#E O7F—9 KK (B)

» Dictionary, F7cId&EM ) Xk (association list) D
T—YBEICET 2 EREREME
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B8 : 11/ F8110:30 #Ft]

@ Exercise: snd_fst_is_swap (1), list_funs (2),

list_exercises (3), beq_natlist (2), hd_opt (2)

o TDMIIMEERE

o FAZ A EXAAT Basics.v, Induction.v,
Lists.v 228 zip 77 M IV aF V54 ViREBY R
T L% U TR

o LA'F%Z O XA MEICHAEE:

- EBE - RBICEYT2EM, bhVICKWERLE
&, TOMKITAZ I E. (IR LL 1E5 A
T9Y. )

» REIBATEL 2L, TOANDARF], BOE
£ (web 72 &) A B EICLIGE, TOBRER
(URL 7t &).
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BEDE Y N

@ list_exercises M rev_involutive & distr_rev
IEEL W

o BBEEIE(BRETZONIY (T—ILOEKE &
<EZT
» rev_involutive Tl rev & snoc OERICD

WT

» distr_rev Tl snoc & append DERICDWT
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