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Coq DEARER(EH)

o BEMNK W, UAb, RLE)EBEZONRE

BETRET 47075 LDEREE

» Scheme O LD RFEHB OIS T

s T2 LEBRICEADVTWVS

» TLTEDRB &2 EEDHH>TWS
o WRICKHT BME %R B YR DM S &
o HIRTMEERAMECHh E 5
o FEFAMDIREMEEE
o (B ENFEFAMEEE)
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FTLWEODOES: BEH

o B = F—YDEE

o HICET 2T —YDINEICLDES
» B: day
» 7—4%: monday & &

Coq < Inductive day : Type :=
Coq < | monday : day

Coq < | tuesday : day

Coq < | wednesday : day
Coq < | thursday : day

Coq < | friday : day

Coq < | saturday : day

Coq < | sunday : day.
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BEZDEX (ver.l)

Inductive (B!%) : Type :=
| (T—%%1) : (Bf)

| <%“—:9%n> (BB

o REDE YA K (Cog TOANKRT DEYY) ICEFE
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FHESER: ROFEH

o ZAMIT (match N) ICL D ESR
» T DEENTOHBDT, 7TRY DIFESIT

Coq < Definition next weekday (d:day) : day :=
Coq < match d with

Coq < | monday => tuesday

Coq < | tuesday => wednesday

Coq < | wednesday => thursday

Coq < | thursday => friday

Coq < | friday => monday

Coq < | saturday => monday

Coq < | sunday => monday

Coq < end.

next_weekday 1s defined
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FEHEFZDEX (ver.1)

Definition (B ) (({RBIH&) : (BIKE)) : CGEMER) := (R).

(=) = (ZEH) | (T—9%) | (match X )
(match=® ) = match () with

| (5= T) = ()

| (1R5=) = ()

end
(RE—Y) u= (F—5%)
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7075 LDET(RDEE)

Coq < Compute next_weekday friday.
= monday
: day

Coq < Compute next weekday (next weekday saturday) .
= tuesday
: day
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Basics.v

o BHAT—4VECBEARESR
o /R EHA & IR
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- £MET
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SO (H08F - RE) & 557
o SHA (YIir - fpRE): NILT B EHET 2 2 &)

Coq < Example test_next_weekday:
Coq < next_weekday (next_weekday saturday) = tuesday.

o SfFF: ZD T & AR ERILTDONEEHEAL
=705 A

Coq < Proof. simpl. reflexivity. Qed.
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E B & EEBADIEL (ver.1)

Example (&HI) : (f&&).
Proof. (EEPFA) Qed.

() == (3)=()

o M DDHK (DIE)DFELIICDOVWTHENRSE I ENT
*3
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Coq 7AV S LADEERER

o BMDES (Inductive)

o FAHDES (Definition)

o EFEICEHT 5B DS L € DAL (Example)
» ZTODMIC Theorem, Lemma 7 &
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EREEDES

Coq < Inductive bool : Type :=
Coq < | true : bool
Coq < | false : bool.
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BAERE

Coq < Definition negb (b:bool) : bool :=
Coq < match b with

Cog < | true => false

Coq < | false => true

Coq < end.

Coq <

Coq < Definition orb (bl:bool) (b2:bool) : bool :=
Coq < match bl with

Coq < | true => true

Coq < | false => b2

Coq < end.
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orb DEFZEDIE L T DA

o HIEfESR

Coq < Example test orbl: (orb true false) = true.
Coq < Proof. simpl. reflexivity. Qed.

Coq < Example test_orb2: (orb false false) = false.
Coq < Proof. simpl. reflexivity. Qed.

Coq < Example test orb3: (orb false true ) = true.
Coq < Proof. simpl. reflexivity. Qed.

Coq < Example test orb4: (orb true true ) = true.
Coq < Proof. simpl. reflexivity. Qed.
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&R (nandb)

IR D nandb DEFEZTMIE, Ezample ICH B
nandb MDIEL SICET 52 SHZEEAE L.

Coq < Definition mandb (bl:bool) (b2:bool) : bool :=
Coqg < admit.

Coq < Example test_nandbl: (nandb true false) = true.
Coq < Admitted.

BERMIZIE, EHZAULD adnit #HBH3RIKATEI#H
Z, EFERAICDWTIX, Admitted. ZHL T,

Proof. simpl. reflexivity. Qed.
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Check <Y K

HOLEHN S
Coq < Check (negb true).
negdb true

: bool
Coq < Check negb. (x FABIDEDREE *)
negb

: bool => bool

Coq < Check orb. (x ZBIEEIE *)
orbd

: bool -> bool -> bool
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Basics.v

o BHAT—4VECBEARESR
o BN SHA &L IR
o EANODER L BIRNEANESR
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B (nat B) DESH
ERNERICHBEOES

Coq < Inductive nat : Type :=
Cog < | 0 : nat (x RXFDF— *)
Coq < | S : nat -> nat.

o 0 IXTZENLIFTTEARE
o Si&, BABHLLBEARRZEDIAVANZ VS
» n DNEARBALGIES n £ BAK
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IRINEYER A (inductively defined set)
[T DEEDTARDHD ] ICET 2RAUELUTE
ESN3EE
o Inductive B (=T —9&KAQ) ZRMNICERT 3
e day, bool, nat (XIFHIEIEL DA

BABDES DIRWHEE

LR DA DDIRANCHED E DD nat DT TH D
@ 0 |X nat DITTTH B

e n M nat DA SIEXS n ld nat DITTH 3
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Coq < Check O.

o

> nat
Coq < Check (S 0).
S 0

> nat

Coq < Check (S (S 0)). (xS0 DEDLYICHEMMNBE! *)

S (S 0)
> nat

Coq < Check (S true).

Toplevel input, characters 69-73:

> Check (S true).

s amna

Error: The term "true" has type "bool"
while it 1s expected to have type "nat’.
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EIE=3E 32

Coq < Definition pred (n : nat) : nat :=
Coq < match n with

Coq < | 0=>0

Coq < | Sn’ =>n’

Coq < end.

pred is defined

o EHANY—rSn:HELnd, B3R n’ IIHLT
Sn EWHFaLTWEDL,
o (NF—=UYu=(T—98) | (T—9%)(EH)
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ANFNY =V EBARBDT S ETH
FIREC

Coq < Definition minustwo (n : nat) : nat :=
Coq < match n with

Coq < | 0=>0

Coq < | S0 =>0

Coq < | S (Sn’) =>n’

Coq < end.

minustwo is defined

Coq < Check (S (8 (8 (S 0)))).
4

> nat

Coq < Compute minustwo 4.
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ARERE: BARDRKREICOWT

o NEIF nat HIIEES A T Z Y THREINTWS
o 7ZETHFE 0, s REWIHEEBEEBRIND
Coq < Check S(5).
6

: nat

EEEHE (2D 1) October 6, 2015 24 / 65



HBIEWE: Module ... End I2DWT

Module A & End A THIFh/ZoIX [FEEE]
o MENDHDEHRIIANSETDEFEFRAAW
» A. ZDIFNIER A%
o [ZEIZER] ZbIFBHDE
- Bl BRBORLE, BHORLE, -
o ABRETWTIATIVILHDEREMOHNDIER
T—EHICEEZ LEEVEICFE>TWS
» EEDIRPT End BPEHTETTWVWD
» UBEDFRIIZES A TS ) 2F>THEY, BRT
SETHENMEZDZLOICRZD
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FEHEFZDEX (ver.2)

Definition
(BEE) (RBIBE ) : (BIEE,) ... : GEER) = ().
(=) (BH) [(7—%%) () ()| (match =)

(match =) match (X ) with

| (NF—=2 )y = ()

| (R5—2) = ()
(F=5%) [ (BB [(F—5%8) (15—

(1RNF—=ry
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BV A NS4

o%®$5ﬁmﬁ%t5:y1h57&m@@ﬁ%
o)

Coq < Check S.
S

: nat -> nat
o AEOAVARNSVHDEWN
» BB EZONE EEEZEISRIT
» AVANZVHIMMEBIC T T 29507
D, [T ICDWTIRI—UIYFTES
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BIEMNENER

n NMBEME D D EHIET BB evenb:
o 0 IXBH#K

o 1 (FEHTIEARW

o n—2 M BEALIE n HEBH
BIRDE L Definition Tl < Fixpoint ZfFD

Coq < Fixpoint evenb (n:nat) : bool :=
Coq < match n with

Coq < | O => true

Coq < | SO => false

Cog < | S (Sn’) => evenb n’

Coq < end.

evenb is recursively defined (decreasing on 1st argumen:
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Coq < Definition oddb (n:nat) : bool := negb (evenb n).
Coq < Example test_oddbl: (oddb (S 0)) = true.
Coq < Proof. reflexivity. Qed.

Coq < Example test_oddb2:
Coq < (oddb (S (S (S (8 0))))) = false.

Coq < Proof. reflexivity. Qed.
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EHEIHOBREAN: BELE

Coq < Fixpoint plus (n : nat) (m : nat) : nat :=

Coq < match n with

Coq < | 0 =>m

Coq < | Sn’” =>3S (plus n’ m)

Coq < end.

plus ts recursively defined (decreasing on 1st argument.

Coq < Compute plus (S (S (S 0))) (S (S 0)).
=5

: nat
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BHEIHOBREZ: NMNIE - 5IEE

Coq < Fixpoint mult (n m : nat) : nat :=
Coq < match n with

Coq < | 0=>0

Coq < | Sn’ => plus m (mult n’ m)
Coq < end.

Coq < Fixpoint minus (n m:nat) : nat :=
Coq < match n, m with

Coq < | O , =0

Coq < | s_, 0 =>n

Coq < | Sn’, Sm’ => minus n’ m’

Coq < end.

o IRBINES DI E ERDIEDREKF~Y Y F T
o MTHEIYYFITBTAINRA—RNRNE—2 ()
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Notation A< > KN

Coq < Notation "x + y" :=

Coqg <  (plus x y)

Coq < (at level 50, left associativity)
Coq < : nat_scope.

Coq < Check ((0 + 1) + 1).
0+1+ 1
: nat

Coqg < (x plus (plus 0 1) 1 IR %)

o IECiEl (¥/70)a2E&HTHIATVNR
- BEE, BEDHEAREEEE
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B A DLEER (1)

Coq < Fixpoint beqnat (n m : nat) : bool :=
Coq < match n with

Coq < | 0 => match m with

Coq < | 0 => true

Coq < | S m’> => false

Coq < end

Coq < | S n’ => match m with

Coq < | 0 => false

Coq < | S m’> => beqnat n’ m’
Coq < end

Coq < end.

o b BEfafE (boolean) D b
@ eq -+ EQuality
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SR H 8% (2)

Coq < Fixpoint blemnat (n m : nat) : bool :=
Coq < match n with

Cog < | 0 => true

Cog < | §n” =

Coq < match m with

Coq < | 0 => false

Coq < | Sm’ => blenat n’ m’

Coq < end

Coq < end.

@ le -+ “Less than or Equal”
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Basics.v

o BHAT—4VECBEARESR
o BN SHA &L IR
o HAMDEE L BIRMERES
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ETEIC & D EEHA

SETICEZLEBRICOWTOMER WA W AEFE
L&D

S TO Example © EIHE & GEFAD—1

» 5EFR: [T ZFETEF LB
o Lo & —fRHIAEE ?
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EIE: 0 IXB LED (L) BT

Coq < Theorem plus_.0On : forall n:nat, O + n = n.

@ Theorem OV YV KN
o £MEILF forall: FEED~ICTDWT]

o plus DEHEZRDEFETSI B n OFICEADLLT 0
+midm ICAD
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SHADEIL (ver.2)

{Example,Theorem} (%HI) : (fARE).

() == (3)=(R)

| forall (Z#) : (B), (&)

AT (AR SHEERE (20 1)

October 6, 2015
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A

FEBAEERICE D TEFX LAV - SIBAT R EMEZZEL

IEHaATUR

o simpl: ZEBAINEHEFDADETE

o reflexivity: = OMAIFFELLV. Lo TEERE
~EN/.]

o intros: XRNDIREDEA (R TERER)
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Basics.v

o HERT— YR ELBAHESR
o BN FH &M
o BANDES L BIRHNENESR
o FTHIC &L B EIHA
- EFEILF
o EXMAICL BELHA
o IZEMIFICK HELEA
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LB S N BB E -

Theorem ((EEDBEAE n ICDWT
0+n=nTH3B)
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EMEILIN/-ErREDEERR & -

Theorem ((EEDBAE n ICDWT
O0+n=nTHB)
nZERYETSH. + DEELY, 0+ n IEEET S

t nk’&é @2_‘; (— @}i%j'lﬁ& U) 0+n—n'C“
H5. nlIEERICE>70DT, EERIFEERAINEL. O |

o n WD (RHID) BABDEEZIRE
- LIBET n &, BHRRNRBEAEK(0,1,...) AL
DRNXIRTHEZ S
@ NICDWVWTIEFEARMTHD Z EUAFEIREL TWL
BWDT, BonkERIE EED n IZDWT-]
EWOTHW
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-intros ¥ 9714V Y

IR (assumption) ZE AT B7DDY I T14v 7
o RYNIMEN, £HEBLLINTVBHICEAS
o BAINLIREIE I3XAR] (context) ICTEENIT B

» XHR--ARE DT

Coq < Theorem plus_0On’’ : forall n:nat, O + n = n.
1 subgoal

forall n : nat, 0 +n =n

Coq < Proof.
1 subgoal

forall n : nat, 0 +n =n
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Cog < (*xn ZIRZE (nat THBZ EIFMENSEHLD) *)
Coq < intros n.
1 subgoal

n : nat

O+n-=mn

Coq <  simpl.

1 subgoal
n : nat
n=mn

Coq < reflexivity.
No more subgoals.
Coq < Qed.

intros n.
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R simpl & reflexivity ICDWT

o EI(I, reflexivity ZDEDICTIL % ETE I 2 HEED R
HhoTW53

@ simpl. reflexivity. (& reflexivity. ICET
A FIBE

o simpl WFICETEL T %RFZME>D]1 DICED
(&)
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INE &

22 FDRE
[MEE®D x € S ITDWT P(x)] X3k 5728
=
e SOV EDEY (FEZIRELT), x EWIH £
HiAZ DT 3
X ICDWTIE S DT THBZ LA, mEREL
TIEWIFARW

o TOXIRDE &T, P(x) 29
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Basics.v

o HERT— YR ELBAHESR
o BN FH &M
o BAYDER & BIRHEHES
o 5THIC L ZEIEH
- 2FELT
o EXMAICL BELHA
o IZEMIFICK HELEA
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EZXHZ (L DEEFA
EE nEmhIPHFELVWEARBASIE,
n+n=m-+ m)l

Coq < Theorem plus_id_example : forall n m:nat,
Cog < n=m-—>
Cog< n+n=m+m.

Coq < Proof.

o > & M@ 5IE] (X, implication)
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Coq < intros n m.

Coq < intros H.

1 subgoal
n : nat
m : nat

H:n=m

o [R5IX] DIEFRICEREDEA intros ZfFD
» TARGIEB] IE, ADRKRIIT DI E%AIRELT
B #REIELW
s IREICEBIZDITZREHY
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REINIEAZFE /I -ILDEE
A

Coq < rewrite -> H.

1 subgoal
n : nat
m : nat
H:n=m

o IRE H DEFEXDELILHIDLN (->)DEEHA %
i

s BSOS EBICEZBR A 21T NIL rewrite <-
o HElTWDELERFL

BHE 2 (REAL)

SHEEHE (20 1)
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rewrite ¥ 79714V )

o XRICHBDEFEARAF>T, T—IAEEXHZD
- AIEME—EICEZH!D S
» EXVZEMOFIEIDERIZEDH Y (

o EXWMZADHAMEZIETE (->, <-)

@ intros CIRE LAEFXLIF T, BEICEERAL -
FEZME->THLW (FHBED mult_0_plus EHE)

A

%)
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5 &0 & L

o > MNEAMDEBDESE oY THLIE] £o72Y
rewrite ICfEHN/=Y T E5DIERE?2#HS5H LW

@ intros & [EED~] IZH 451X ICTEFEHSD
IERE 285 L

EiE TR T sid] TEED~] EWIFRL BEf
ERCY 3NV

(K)rewrite D —> ¥ <~ [FELDZHMAZRTFRTREMRDL
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INF ED

72511 DFRE

ARSI Bl ZERT 270121,
o ADFNIL (ADEEFADEFTE) ZIRE L,
o TOXIRDE ET B %R
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Basics.v

o BEATF—VRCBEAHESR
o EAEEA &I
o HAMDEZE - BIRMNBHESR
o FTEIC & BEIHH
» 2FFELF
o EXMZICL BELIHA
o IZEMIFIC & BELEA

£ DA
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e StRICK HEAADR ST

EHAESURE (BBET)HETIRVNI E1'H D

Theorem plus_1_neq_O_firsttry : forall n : nat,
beq_nat (n + 1) 0 = false.

Proof.
intros n. simpl. (* does nothing! *)
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e StRICK HEAADR ST
EHAESURE (BBET)HETIRVNI E1'H D
Theorem plus_1_neq_O_firsttry : forall n : nat,

beq_nat (n + 1) 0 = false.

Proof.
intros n. simpl. (* does nothing! *)

o + (plus) FZERIDE (B 1EIE) ICDOWTDHZBEDT
TEEINTVWSEDT, n + 1 DFEIZINLLEE
FW

» BxlE n OISO WTEDOHEE 2L
»(Sn&n+1DEWVIEER)
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SBA DT IC &L B

n NEFRNICEALTZLD 50 2EX 5 EEEN E
T (HEIH D)

e (n=0DFAB): n+ 1IFFET1IIWD

o (n=238C) MIFAE): n + 1 IFEETSEE)) OF
(AN

WIFNhDIFEH, + 1EE 5D, beq_nat DFEFX TE
795!
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destruct ¥ 7 74y J I & B0 7

Theorem plus_1_neq_0O : forall n : nat,
beg_nat (n + 1) 0 = false.
Proof.
intros n. destruct n as [| n’].
- reflexivity. (x n = 0 DIFH *)
- reflexivity. (* n = S(:-) DIFH *)
Qed.

o BEDHD N DBDTI—IHANEDITEAS
» TNETNOY T T—IUIE reflexivity —REM
o BADITHNRDERICKE>TI—ILHD n BE(L
» 0 DIFH: beg_nat (0 + 1) 0 = false
» S DI3FH: beg_nat (S n’ + 1) 0 = false
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A rOnNSy—>
Theorem plus_1_neq_0O : forall n : nat,
beq_nat (n + 1) 0 = false.
Proof.
intros n. destruct n as [| n’].
- reflexivity. (*x n = 0 DIFH *)
- reflexivity. (* n = S(:-) DIFH *)
Qed.

o " EAICHRIEDIT S
» [1 RIS, BEI%Z | TREYI>THENRD
» BEHINDH = HEDT D

o Alf Y 2 & Coq B HFICHRIZDIF T NS
- 1, SEFADAIFHMEETOE &

EEEHE (2D 1) October 6, 2015
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" o CEERDAEEL

intros n. destruct n as [| n’].
- reflexivity.
- reflexivity.

destruct ICL BFEDITRDNA TV
o BH 7 I— LDt =~ T LD
o HBY T I—ILDIAN D> THEWRLDIZ, R
DINA TV EANDETT—
» BOY T O—ILDIIRAMEI DD %=HIE
= HFFHDAIZHEMN - AV TFTD LT IDELE
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ANFDIZEDT

SEARICE > TIIBER T ZMEICETTEH I EDDH D
o ANFDLANILIZIELTNA TV ("), TFR
("+"), PRIYRY (") BMEA S
» EDEFTHE>TH LW
» AICANFLANILORSERIAZBEDHY
o HIEIN {...} THATEHELWL

(B#EF and_commutative SHR)

A+EZE (FREKRE) EEEHE (2D 1) October 6, 2015

59 / 65



maEa T ORIE

P(n) ZBAH n OMEEICOWTTHRR MBS T3
BARMICET 2156017 DRIE
[EEDOBERE n ICDWT P(n)l FLLTFERME

e P(0) D

o EEDBEAE n’ ITDWT P(S n')

o EMINZ Y TI—ILAIDlEI s &S
o ZHEHDMBEIXHNEMIC

EEDOBAR n>S O ICDWT P(n)
EEILTHBZEITER
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P(b) AEfA(E b DREICOWTHERREE T2

EREICET 31565217 DIRE
[EEDEMBME b ICDWT P(b)] IELLTF & EE
o P(true) m2D

o P(false)

(B #ZF negb_involutive, and_commutative HHR)
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CCETOHBEILLWL

@ Coq 771 IDEERER

» Inductive IC& % (JFMH) T — Y BES

» Definition, Fixpoint IC& % (B)R) B E

» Theorem, Example ICk 2MBEDET LY VT 4’ Y
71 & SRR

o B

@ simpl, reflexivity ¥ 774V ¥

o £ E1bF forall, &5 -> & intros

o RELEFXICLIBEEZHZ: revrite 7
TAYVY

o GENDIFTICEL BEEER: destruct 997 714w ¥
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/8 : 10/20 F/110:30 #HFt]

@ Exercise D nandb, andb3, factorial, blt_nat,
plus_id_exercise, andb_true_elim2 (%Y IXMEE)

o BREAEZXIAAN Basics.vEFDIEAFVYTA YV
IRHEY AT %8B U TRE

o LUTZI XY MEICHARE (FREXRTY):

- HBE - EBICET2ER/EE, bVl wne
Bl &, TOMRICRZZE. (TRl
IEFATY. )

» REILBATEL 2D, ZTOADEHE], HDE
¥l (web 2 &) #SEICLIZIGE, TOBERE
(URL %2 &).
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fEREDN YA

o (7HD Y MEK)
o MPEDZYUTBEDT 71 I)L% Proof Geneal £ L
< 1% CoqlDE THHAL.
o MBEBMBICK > TI7MINEEZSHRZ D (BELIE
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