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SEBR{RR (proof system) DU & DT 2 BIRERE (natural deduction) IZ& > T, Coq THiHNT
Wa O AL GlEFih) 2175,

o FEHA{KR (proof system):
—  TCHIMr - AN GEHTED LIFE S WD T eh MREHES - AL EidES 052
MN] #EZDODER
— TR
« W - O (JBXR) E 2
« I GEH 2R L3 0) DER
HARERE, ¥ —7 2 hEMRE, BV MRABR, 2D TR D& S FEHIRR

o HAREHFE (natural deduction):

— 7YV (Gentzen) IZ &> TS N/ZGEIHERD (FifED) O &>
— ANHOHEGm#ER Z HRIZERBT 2 Z & AHL
— HHOERITMHEOND AN BAKR & BREHA ()

ZITlE, mEONKERE GRIBEST (logical connective) £\ND) & UT 25K (->)] ZiT%
% Z 2HBINGRER (minimal logic) M HHRO T, Induction.v ¥ TOHNFTHEONDFHE (2720, A
a1 h® Logic of Computable Functions & MHINDRRITH YT D) IHERET D, X 51T, (2
BTIEE->TOARY) [hD]) TEAIE] I~2 2T E0ONFEET D] LWolz, ks PRk
TATHRER T B, !

Coq DR Z &, ZOHEHETHEAT LI MMIIERERRIE (intuitionistic logic) LIFIEND
EDT, MEOEKEZ (E/th%3K7)1/0 THZ 25525 Dt (I z BRI (classical logic) &
IPR) & IERZRZEDTHD. EHEZRRIEIZOVWTIIERRTD.

'Z K OHBETIE, BUNRIIZ, 9 (o) T2k Lok 18513 DA OIS T2 8A L - hEmRE
(propositional logic) Z R U, EED~] [H2~IZDWT] LWo BT 2EBAL ZREERE (predicate), BREITD
WT DR FERIR T H DB (arithmetic) NERZIZAREED DN, ZI T, EIN— 2.
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1 EfREHRIT)HE

ZWETOD Coq DIEHETHFE > 7~EIE, n + 2 =3 n*m=mx*n &>/, SEDO2DA%
FETHEALZEDER/NDHEALL LT, TNH%E -> TORWEY, @ffEil forall 2217209
58T, VEMLMEZERL T .

F/NGRER R ERREE TIX [R5 (D) TEA2IE] bvworz, @@z DRITTEY KRS L%
TEZEmMASE G TICEH 5720, R/NOME (N2 RFeRE (atomic proposition) £\ ) & LTE
ABEDEEZZDMIIDVTIERITMERR LR, 20720, UTFLIESL, FTamEe LT
FHIZ A, B, CARENHD I L, FHimEzEdilse LTEp 25,

9, MUFICHUNREIZ S 1T Bl & SURDE £ % R

H ({REH) € {H1,H2,IH,...,}
p,q (1)

P.Q () o= p
| P->Q
T (i) = e
| T, H:P

o MUNRELIZH T 2 MmBEIdEFaEz (2513 2RKTE > TORVWELDTHDL. > 34
e Thd.

o XIRIE H : P LS THOFITHY, P S (%1 H T)EINTVEZLE2RLTNS. 4
RO DA AT E A 5.

o R T IZBNDIEDHAFIDESEZE dom(T) & FEH<.
o XHRDILTAD o (&, THIHEL TV 7)) IXEKT S.

o %< OERETIE, WRINAFEDLE ( TH: D) 2 EWT 25, =Tl Coq Dk
ES TS,

1.2 ¥irEBHHEE

BRI 2 AR IR YT, BFIBER T - M T 2B % #>TEHL 20 L AR, 3R T
DY L THE P BRLTH] LW Ze2R_dHER T E P (202 B (judgment) & EITR) % #i
HIZfi>CTEHTD.

HAREREORSIE, MEOMKER (5054 [hb1E), @i, $5)0L2i2%, Thh
FEERIC AN D BT CEABIR L IP T, BIHIZAY T (introduction DFHXT) THKH D) - GiEdIZHN L B
0 (BREBIAN E O, HAIZDY E (elimination DJEXTF) THRD D) RO EDTO2HDLIATHD.
BABANE, GRS I > THIBS N MENBNL T 2 — MR Z R LU TE Y, BRERINX
ZOMENS EABKERPBEIT S0 ERUT VD,



(H:Pel)

TP (ASSUMPTION)
I' H: PHQ H ¢ dom(T) (=>T)
->
'-P->Q
r-P>Q TF+P
r'-Q =F
1.3  FIkrDEH A
1. ¥l + A->B->A OEH:
H1:A,H2:BI—AASISUMPTION
HI:AFB->A
FA->B->A
2. HIWF + (A->B->C)->(A->B)->(A->C) DEH:
TFA>B->C M I‘I—A_A>Sg[ TFaAsg M I‘I—A‘_Ajgl
TFB->C LB
->E
TFc o1

H1:A->B->C,H2:A->BHFA->C

H1:A->B->CkH (A->B)->(A->C)
FH(A->B->C)->(A->B)->(A->C)

->1

727ZUT X HL:A->B->C,H2: A->B,H3: A ¥ 9 5. ASSUMPTION (& AsM &H#EL T\ 5.
F/ZA->B->CIEZA->B->C) DI LThHhDI LITHERE.

2 BHBNSASEHEICEY HRIE

MUNGRER 2 561, 7202\ Induction.v £ CTHE S MY T A REZE5ERD. 22T
DR Fandld, BBAT S AXFEDEZME>T My = My E\WHETHEZ OGNS, [AFRIZ, £FRE



fb7%2EATS.
z,yyH € {ab,c,...,}
S, T nat
bool
S->T

M1=M2
P->Q
Ve : T,P

[ ]
' x:T
' H: P

EPIZHNAHEIZFDAODONTVBEDTENE WF RN LIZEBLAALDN, ZIAIZRADONT
WTEHEMEE LTE—EMErENTWwWENZ e Hh 5. HlxIE,

Vb : bool,Vn : nat,b = n

D& BmEE, TETERRNPRNEDL UTHIRT OHENRHD. TDOIZETHEIITTS
RN B,
IR B T BRI
' - P :Prop

LELPPEVW/EEATES, EWOEKRO T P LOXGIZEREE L. #HlAIE, FVn:nat,n =S 0

FEHTE (£5%) R WVWAY, FVn:nat,n = S 0:Prop Xkt iD. MEDENIFIZHEIZ P KE
BEBRTAIHERICARY I BZMETHDI I LEZRLUTWDIEITT, TONENIELWNE D N ILE
RN,

2.1 fpEORMIFIRA

'-M,:T '-Ms:T
' - My = Ms : Prop

I' = P:Prop '+ Q :Prop
' P->Q :Prop

I'x:T+ P :Prop

(VP)
'-Vx :T,P:Prop

UF, TP ®DOEOD (W/NGEIZMAS) BHAZ 522575, T'H P:Prop THhdILiHiigs
5.



2.2 22T 5K

'z: THP (x & dom(T))
T+ Vz: T,Plz]

(VD)

I'+Vz:T,Plx] TrHM:T
T+ P[M]

(VE)

ABA] VI 1E, P HIZEHNEZZER ¢ 12290, TORYMNEFIIEZBENTIZ P ASEKY LD
B, {EED x IZDOWT P PR YDLD] LWV oTEVnWIeERLTWS. £7-, BRERANE, EED
T IZDWT P AR ND) BoIE, EE, ERIGEAZEARNZIE M IZDOWT PRV L
ZRLUTWD,

2.3 TFLX] ICET2EHBF

Ml%)M2 I‘}—MllT Fl—MQZT
I' - M; =M,

'+ M; =M, I+ P[M;]
T+ P[Ms]

BB =1 13, flifE@CTELY, LWVWS I (ZOHRLTO)ELIDEHETHD L %
RUTWS., BREHD =E 1%, EFOEIFZEUWEHTEIBZ TINWIE2RLTNWS.
2.4 HBHAREICET2EHFEL

I'-S(Mq) =S(Ms)

(In3S)
| Ml = M2
'-0=8(M) I' = P:Prop
(CONTRANAT)
r-pP
I - P[0] I', y : nat, H : Ply] - P[S(y)]
(INDNAT)

I' - V& : nat, Plz|

BRI INJS &, S @ injectivity (1-to-1 THD Z &) %, HHI CoNTRANAT I% 0 2% 1 A DO HREK
CIFFLUTHELL R (FLW, LW FEERNHTEZOFIERDT, TINOMTEEITD) 2L
Z2RUTWS. HH] INDNAT I3EEIFAATIE DR B 2 #Em A TR U 28 DTH S,

2.5 EAREICET 2EHHFA

T'F true = false ' P : Prop
TP

(ConTRABOOL)

I' - Pltrue] I' - P[false]
I' - V& : bool, Plx]

(INDBoor)



2.6 ZHDH
ZZ T, Vx:nat,P ldVx,P BT 5.

1 ¥ FVx,x=8 0->x+S(S 0) =S(S(S 0)) DHHi:

Assonprioy 505 0) <38(S(S0)) THFS 0:nat Tk S(S0):nat L
TFS O0=x CFS0+5(5 0) =555 D)

X:nat, H: S 0=xF x+S8(8S 0) =S(8(S 0)) o

Xx:natFS 0=x->x+5(S 0) =S(S(S 0)) ..

FVx,S 0=x->x+5(S 0) =5(5(S 0)) "L

72720 My + Mo 3R UHE%2RT T LK plus %F5 72 plus My My DIEFETHY, T Ik
Xx:nat, H: S 0=x THhd.

2. ¥IWr F Vx,x+0=x DEH:

I
E

ASSUMPTION

. Trx+o-x TFSx+0-5&0)
FO0+0=0 'S x+0=8 x o
FVx,x+0=x

INDNAT

72720, T'ld x :nat, IH: x+0=x TH 5.

3. i P % Vx,Vy,x=y->y=%x, XIRT % sym: P, z: nat, H:S(S(0)) =S(S(0)) xz &
95, O, HW T Fs(s(0) *z=8(s(0)) DEH:

TFVe,Vy,x=y >y=x ASSUMPTION
T F Vy,5(5(0) =y —>y=5(0@) "
I - S(5(0)) = S(5(0)) *z->5(S(0)) *z=5(5(@)) "=
T+ S(S(0)) *z = S(S(0))

ASSUMPTION

I'FS8(S(0)) =8(S(0)) *x=z
->E

4. BT b Vx,x+0=0->x=0 O¥H:

T, H :SG) +0=0F SG) +0=0 ~SSUMPTION | 50y v 0 =0 F S +0 = 8(x+0) j;

I' H> : S(x) +0=0F 0=38(x+0)

H:U+D=D|—O=D:>II I‘7H)-SX+O=O|_SX=O >ICONTRANAT
F0+0=0->0=0 THS x+0=0->S x=0
INDNAT

FVx,x+0=0->x=0

727ZU T i&x :nat, IH: x+0=0->x=0 CTHD.

3 Coq & BAEE

Coq TITDGEMHIE, T—NeB2MmE P RN52 607K, T P (72720, TI&TNE TN
#UZEHOEFEY) 2L T2EHAREZMEKT 2 70 AR 520, FIRIE, ED Fvx,x=
S(0) ->x+8(S(0)) =8(8(8(0))) DEHZEZZEZTHLD. Coq T
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Theorem foo : forall x:nat, x =1 ->x + 2 = 3.

L o256, ANEICRE SN0,

?

FVx,x = 5(0) —>x+5(5(0)) = S(3(5(0))) .~

EWVD (HBUDNRN) KD ? 2 MO TEEAEZZRIEDLZLTHS.
BT 4w 7%, HAZHAEODET (TN TITMOMIHERINL) K2 TREXED ] @S

ZLTWa. #HlZIE, intros X7 74w 21 VI FHAR ->I HANZFIGELTH Y, EORIZHUT,
intros x. 2T T2 L KRIFKELT
?

% nat - 5(0) = x > x+5((0)) =SEE®Y)
- Vx,5(0) = x->x+5(5(0)) = S(5(5(0)))
CBB. EEATROWH S (£ SR) BH LD T—ATHS.
RIF 4y 2 3EROBA A MALSDOEERER LTS v H 5. filzlE, STIRIZ H: My = My
MEENTHY, T—ID F P[Ms] 725 72FIZ rewrite <- H. 2795 &,

(?

T~ My = M, ASSUMPTION T - P[]

T - P[M,] -

LAREREXE, HLOT—LIE P o My & My & SHA 7~ P[M] 1255,
Ktk, BAIFO &S BAISEED 3.

BIT4vY A
intros > F/21% VI
reflexivity =I
apply AssuMpTION, VE, ->E Ol &%
rewrite AssuMPTION & =E OflA&YE
induction, destruct INDNAT % 7z1& INDBOOL
inversion INJS, CONTRANAT, CONTRABOOL (& =E Ofl&H)

&I apply BT T AV ZIZDWTHTALD. P %
Vq : nat,Vr : nat,q=r->plus q q = mult r 2
U, H: P AXARICHY, Tt
plus 2 2 = mult x 2

Eolkbdd., ZIZT apply H. 2792501, UFOLSICEHARZHEIEL L LEAH
na.

I' - 0:nat T-ZERO
TESO:nat T-Succ
S 0:nat
ASSUMPTION T-Succ
r-p I' - 2:nat VE T-VAR ?
I'-Vr:nat,(2 = r)->plus 2 2 = mult r 2 I‘I—x:natv]_a ! .
' (2 =x)->plus 2 2 = mult x 2 F|—2=x"E

I'-plus 2 2 = mult x 2 ~



4  I251X] LA ORIEES

PIRIC Tho) (HE), T£1E) (BE) Lvor (551 DAORIEE T, TLTHEENS
R A B U - S 2R, BUNGREIIC SN D & A - S 2 SR & TR,

H ({E#) € {H1,H2,IH,...,}
p,q (F7aE)

P, Q (find)

—— =
SRR

e PANQ X TP»>O Q) 2FKT.
e PVQIX TP E/HIZQI #%7.

4.1 EBEDOEMITHEA

'+ P:Prop '+ Q :Prop
I'HPAQ :Prop

'+ P:Prop '+ Q:Prop
I'PvVvQ :Prop

'k L :Prop
4.2 HHFRA

TP TFQ
T-FPAQ

TFPAQ
TP

r=PAQ
'-aQ

T'HEPAQ I' HH : P, H : Q+ R (H17H2¢d0m(I‘))

'R

(AP)

(VP)

(LP)

(A-E1)

(A-E2)

(A-E3)



r-pP

S (v-I1)
TFPVQ
IH
7Q (V—I2)
I'-PvQ
r-PvQ T,Hi:P+rR T,H,:QFR (V-E)
'R
' 1
(L-E)
r—-pr

o D] OBREMAN, EH E1, E2 D222 B 222000, Thonfby e LT
E3 #fALTH .

o [F/id) OBREMANI—FDL G T OHwmE XL TS,
o FIHIZOWTIXEABUDG R SBRESUDAND S,

5 HMELT

RMFEALT (existential quantifier) &1, [P %2729 x PMFET D] LW D WD B IFFEamE % K
TODEIRT, Jo : T,P O B2 LD, KHEATIZHET SHEGRMANIEATOLSIZEX S Z
EMNTED.

I'x: T+ P :Prop

(3P)
'-3x :T,P:Prop
'-M:T I' - P[M] ERY
'3z : T,Plx]
'3z : T,Plx] I'z:T,H: Plx]-Q ' Q : Prop GE)

T+Q

HABA 311, Tz : T,P & PO x ICEMANRIE M 2 ANh-mE, §28b6, IMM2BP%
729 PNEHTEAZRIIL, P 26/23 e FETD ) JZe2BHLTEINILEZRLTWS.

—7, BREBAI3-E L, FEMENSHOME Q 2820121, = 2 Plz] 224 LW X
R/AREDS LT Q 2 RENELN (FHTHZ) ZLE2RLTVS. BBEOFTHRIE, KHRIZIE Q
IZx BENTIENIT RN L Z2E KL TV,

1) D B H
1. x: T+ P[x]:Prop 2 x: T F Q[x]: Prop £ 5. ZDHE, Yk
F(Vx: T,P[x]->Q[x])-> (3x : T,Plx]) -> (Ix : T,Qx])
DE -



