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oo

CoqODOOOODODO(DDDDOOOOD)DDDOOO
“Prop” DU DODOOOO

Coq < Check (forall n:nat, n = 2).
forall n : nat, n =2
: Prop

Coq < Check (forall (n:nat) (b:bool), n = b).
Toplevel input, characters 36-37:
> Check (forall (n:nat) (b:bool), n = b).

N -
Error: In environment

n : nat

b : bool

The term "b" has type "bool" while 7t 1is expected to ha
"nat".
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o JUOUOOLODLODOUOOOLODODLObOOUOOODODO
o JUULOLUDODLOUOOOLOOLODLDLOUOOO

Coq < Lemma silly : 0 * 3 = 0.
Coq < Proof. reflexivity. Qed.

Coq < Print silly.
silly = eq-refl
:0*3=0

e eqrefl UUUODODOOODOMO
» (DOCOOOOOOoOoOoOoooooon)
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ooty

Coq < Lemma silly_implication :
Cog< (1+1)=2->0=x%3=0.

Coq < Proof. intros H. reflexivity. Qed.

Coq < Print silly_implication.

stlly_implication =

fun _ : 1 + 1 =2 => eq_refl
1 +1=2->0*x3=0
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Juooguod

Coq < Lemma silly_quantification :
Coq < forall x:nat, 0 + x = x.

Coq < Proof. intros x. reflexivity. Qed.
Coq < Print silly_quantification.
stlly_quantification =
fun = : nat => eq_refl

: forall z : mat, 0 +z =
Argument scope is [nat_scope]
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Juooguod

Coq < Definition even(n:nat):Prop := evenb n = true.
even 1s defined

Coq < Check even.
even
: mat -> Prop

Theorem two_is_even : even 2.
Proof.

unfold even. reflexivity.
Qed.

(00000000000000000000000
oooono)
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[0 0 (conjunction)
OPOOQDOOO

Inductive and (P Q : Prop) : Prop :=
conj : P->Q -> (and P Q).
Notation "P /\ Q" := (and P Q) : type_scope.

o JOUOLODODDOOUOOODLODDOO

e 00:and PQ(PAQDOIODO POODOO QOO
000 (conj 0000000)00000

»conj U UOUOoooon

o U PAQUIUIIDIOOLOLLOLUOPOHOOO Q
ooooobod
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Jubogubogun

Inductive and (P Q : Prop) : Prop :=
conj : P->Q -> (and P Q).

Inductive prod (X Y : Type) : Type :=
pair : X => Y -> (prod X Y).
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0oooooo (1)

goobobbooooobbboooooobod

goboboboobooboootoobogd

Theorem and_example :
(0 =0) /\ (3 =mlt 2 2).
Proof.
apply conj. (x 0000 split. *)
Case "left". reflexivity.
Case "right". reflexivity. Qed.

Print and_example.
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0oooooo(2)
gobooddooooon:

Theorem projl : forall P Q : Prop,
P/\Q —>P.
Proof.
intros P Q H.
destruct H as [HP HQ].
apply HP. Qed.

e HUOODDDD POUOUODD QUODDODNID =
destruct 0 U [

» U0 0OOO inversion U O DO OOOO
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(0O00)OO

00 (ifandonly if) DO O0O0O0OOCOOOO:
Definition iff (P Q : Prop) :=
(P ->0Q /\ (Q > P).

Notation "P <-> Q" := (iff P Q)
(at level 95, no associativity) : type_scope.

0ooo O (oooo) 00000 (0D 6) December 17, 2012 16 / 35



Jubogubogun

Theorem iff_implies : forall P Q : Prop,
(P<—>0Q) —>P —->0Q.
Proof. (x 00O projl ODOODODOO =)

Qed.
Theorem iff_sym : forall P Q : Prop,

(P <> Q) -> (Q <> P).
Proof. (*x OO0 and_commut JOODOOO )

Qed.
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Logic.v (Cog OO 0O)
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o LD DN
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[0 O (disjunction)
OPO0OD QOO (00DO00)0O

Inductive or (P Q : Prop) : Prop :=
| or_introl : P -> or P Q
| or_intror : Q -> or P Q.

Notation "P \/ Q" := (or P Q) : type_scope.
e J0—or PQ(PVQUUIODDODOODODODOD

0o:

»PULOOOOOO
» QUUOODOO0OO
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Check or_introl.
Check or_intror.
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000000000000 (2)

Theorem or_commut : forall P Q : Prop,
P\ Q->Q\/P.
Proof.
intros P Q H. destruct H as [HP | HQJ].
Case "left". apply or_intror. apply HP.
Case '"right". apply or_introl. apply HQ.
Qed.

HD
@ or_introl PQHP (ODCODO HP:P)OODO

e or_intror PQHQ (ODOD HQ:Q)OO
00000 = destruct (JO0O inversion) 00O
gooon
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000000000000 (3)

Theorem or_commut’ : forall P Q : Prop,
P\ Q->Q\/P.
Proof.

intros P Q H. destruct H as [HP | HQ].
Case "left". right. apply HP.
Case "right". left. apply HQ.
Qed.

@ left. [ apply or_introl. [
@ right. [0 apply or_intror. U [
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JO00MMddoddd andb, orb
O0000 A, VOOODODOOOO andb, orb 000

Theorem andb_true__and : forall b c,
andb b ¢ = true -> b = true /\ ¢ = true.

Theorem and__andb_true : forall b c,
b = true /\ ¢ = true -> andb b ¢ = true.

Theorem andb_false : forall b c,
andb b ¢ = false -> b = false \/ ¢ = false.

0d
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[0 (falsehood)
000(L000000)000

Inductive False : Prop := .

o OO DOODODDOOODDO!
o JOUOOODODDODO
o JOUOOODODDODO
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0o0O0D0O000oo (1)

Check False_ind.

Theorem False_implies_nonsense :
False -> 2 + 2 = 5.

Proof.
intros contra.
destruct contra. Qed.

e destruct: U UIUUUODOUUODODOOOOOO
ooooobbogn

o DD DOOUUOUOOONCLIOLOUUUOUOOOO
e JOODDOOO!
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FalseOU O UOOOOOOOOooooooboooo
goooon:

Theorem nonsense_implies_False :
2 + 2 =5 -> False.
Proof.
intros contra. inversion contra. Qed.

00 L-E(0O000000)

Theorem ex_falso_quodlibet : forall (P:Prop),
False -> P.

Proof.
intros P contra. inversion contra. Qed.
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(1 O
OPODOOOO(~P, ~P)OODO

Definition not (P:Prop) := P -> False.
«OPpUODOO0ODO =P UOOOOODLOOOOO %)

Notation "~ x" := (not x) : type_scope.

0ooo O (oooo) 00000 (0D 6) December 17, 2012 29 / 35



0o0oo0ooo (1)

000000 (FalseJOODOODOOOOO)ODODOO
gooooood

Theorem not_False : ™ False.
Proof.
unfold not. intros H. apply H. Qed.

Theorem contradiction_implies_anything :
forall P Q : Prop, (P /\ "P) —> Q.
Proof.
intros P Q H. destruct H as [HP HNA].
unfold not in HNA.
apply HNA in HP. inversion HP. Qed.
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0ooo0ooo(2)

Theorem double_neg : forall P : Prop,
P -> "7P.

Proof.
intros P H. unfold not.
intros G. apply G. apply H. Qed.
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CoqUUOOoooonoog!

o UUD:DUO0ODbDDUODLDDbOO
e CogUODODOODOOONONDO (intuitionistic logic) O O
Ooogd
o IIJIDDUOOUDDDUOODDOOUODDOOODO
o : J0IDOOODO
Theorem classic_double_neg : forall P : Prop,
P -> P.
Proof.
intros P H. unfold not in H.
(* But now what? There is no way to
"invent" evidence for [P]. *)
Admitted.
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HEN

e JOOIO: (P->Q)—>P)—>P

e OOO: PV P

> DDDD—I—I(P\/—lP)DDD
Ooooooo(@oo): =(-PA-Q)>PVvQ
(P->Q)—>(—-PVvQ)
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HEEpN
x<>yUO (x=y)OOO:

Notation "x <> y" := (7 (x = y)) : type_scope.

Theorem not_false_then_true : forall b : bool,
b <> false -> b = true.
Proof.
intros b H. destruct b.
Case "b = true". reflexivity.
Case "b = false".
unfold not in H.
apply ex_falso_quodlibet. (x OO *)
apply H. reflexivity. Qed.
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@ Exercise: and_assoc (2), iff_properties (1),
or_distributes_over_and_2 (2), contrapositive
(2), not_both_true_and_false (1),
false_beq_nat (2)

o UUUIUIOUODN Logic.vUUIUOIOOODOOMO
Joboooouoouobbooboogano

o JUUUIDODOODOO:
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