Ooodooon
Software Foundations
005

Oo0 o
igarashi@kuis.kyoto-u.ac. jp

oooo

November 19, 2013

0ooo O (oooo) 00000 (00 5) November 19, 2013 1/ 60



OO00oo0n
o O0: Polyv(DDODOOOODDODO)

>

» JOoogoggg
» unfold D 00O OO0

e JOO: MoreCoq.v

0ooo O (oooo) 00000 (00 5) November 19, 2013 2 / 60



Juooguod

o JUULOLDODOUOOOLDLDDLOUOOOLDLDDLDOO
ooouoobogn

e 100D DOIDDODODOODODO(OD)DDODDOO
0oad

» JO0oogooon
» U0 oooouoouoga

0ooo O (oooo) 00000 (00 5) November 19, 2013 3/ 60



Jubogubogun

Definition constfun {X: Type}
(x: X) : nat->X :=
fun (k:nat) => x.

Definition constfun’ (* OO ODOOO *)
{X: Type} (x: X) (k: nat) : X := x.

Definition ftrue := constfun true.
(* a function that always returns true *)

Example constfun_examplel: ftrue 0 = true.
Example constfun_example2: (constfun 5) 99 = b.
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bbb gdn
o f: 00000000 ODDOOO

o IO kUIDDOODDOO x

de k) = x
flk — x] = gs.t { ggn; = f(n) (if n # k)

Definition override {X: Type}
(f: nat->X) (k:nat) (x:X) : nat->X :=
fun (k’:nat) => if beq_nat k k’ then x
else f k’.
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Definition fmostlytrue :=
override (override ftrue 1 false) 3 false.

Example override_examplel
fmostlytrue 0 = true.
Example override_example?2 :
fmostlytrue 1 = false.
Example override_exampled :
fmostlytrue 2 = true.
Example override_example4 :
fmostlytrue 3 = false.
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OO0000000 override U OO UODOOO
O0o0ooooogno
OO00000ooo0ooonooooooogoo

Lo oboooobooouooooo
ool override HUUOOOODOOODO ...
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unfold ] U 00 UO I
(Definition 00 0)0 000000000000

Theorem unfold_example : forall m n,
3+n=m->
plus3 n+ 1 =m+ 1.
Proof.
intros m n H.
(*x 3+n [0 plus3n 0OO

Definition plus3 x := (plus 3) x.
Doooooood@oo)oog %)
unfold plus3.
rewrite -> H.

reflexivity. Qed.
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Theorem override_eq :
forall {X:Type} x k (f:nat->X),
(override f k x) k = x.
Proof.
intros X x k f.
(x simpl. OO Definition OO ODOO! %)
(* compute. OO OOOO
DoOooooooooo =)
unfold override.
rewrite <- beq_nat_refl.
reflexivity.
Qed.
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Juoboguooguod

MoreCoq.v
e apply DO UOU
@ apply ... with ... OQOQgog

@ inversion 00O OO O
o UIDOOUIDOUIOUOUOUOO

e UIOOIDOODOODOO

o UIUOUIOOOODO destruct OO
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apply U U 0O OO O

oobb L ggoggguooooooboooog
goog

Theorem sillyl : forall (nm o p : nat),
n=m ->
[n,o] = [n,p] ->
[n,o] = [m,p].
Proof.
intros n m o p eql eq2.
rewrite <- eql.
000000 eq1 OO0 [n,o] = [n,p] %)
(* rewrite -> eq2. reflexivity. OO0OOO
apply eq2.
Qed.
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apply U U U OO O
000002 0000000000000000

Theorem silly2 : forall (nm o p : nat),
n=m ->
(forall (g r : nat), q =r -> [q,0] = [r,pl)
[n,o] = [m,p].
Proof.
intros n m o p eql eq2.
apply eq2. apply eql.
Qed.

o UUOUODLOUODLDND eg2 qi=n, r:=m 000
ooooobboon
o JUUOUUULLUUD n=mUOUoooooog
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apply U U U U

0ooooon
e Qk)ODOODODOODO

e 0000 xO0O00 P(x) 000 Q(x)00O000
0000 (00000)00000000(@Oo0on
ooooo)

o (0DDDOD P(k)OODO Q(k) O000)0P(k) O
00o0O0o00oon

goooobooooon
= 0ggooooooo!
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apply HU U U

00 H: VX1, Xm,
Pl(xl,...,xm) —

Po(X15- - 5%Xm) = Q(X15-++5Xm)
000 Q(kgy---sKm)

| apply H

D000 Py(ki,-.-.,km)
(n D) :
Pa(kis-. .y km)
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JUob0U apply oo
HEN

Theorem silly3_firsttry : forall (n : nat),
true = beq_.nat n 5 ->
beq_nat (S (S n)) 7 = true.
Proof.
intros n H.
simpl.
(* Here we cannot use [apply] directly *)
Abort.
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symmetry [l U U O [
000000ooooooon

Theorem silly3 : forall (n : nat),
true = beq_.nat n 5 ->
beg_nat (S (S n)) 7 = true.
Proof.
intros n H.
symmetry.
simpl. (x D000 : apply ODOODOOODODOO! *)
apply H.
Qed.
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Juoboguooguod

MoreCoq.v
e apply UL U OOMD
@ apply ... with ... OO UQgog

@ inversion 00O OO O
o UIDOOUIDOUIOUOUOUOO

e UIOOIDOODOODOO

o UIUOUIOOOODO destruct OO
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apply withUl U U OO O

gooo.bogogd

Theorem trans_eq : forall X:Type (n m o : X),
n=m->m=0 ~—>n=o0.

goooobobbobbogooooooobobbbod

Example trans_eq_example’
forall (abcde f : nat),
[a,b] = [c,d] —>
[c,d] [e,f] —>
[a,Db] [e,f].
Proof.
intros a b c d e £ eql eq2.
apply trans_eq. G Ooor *)
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Jubogubogun

e UOMO: [a,b] = [e,f]
@ trans_eq :

forall X (nmo: X), n=m ->m

U

Il
(@)
v
B

I
(@)

e CoqIUODDOOODDO:

>

>

>

X
n
0

= list nat
= [a,b]
= [e,f]

enJUI0O0O0OOOODOODODODO!
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CoqUUODODOOONO with

Example trans_eq_example’
forall (a bcde f : nat),
[a,b] = [c,d] —>
[c,d] [e,f] ->
[a,b] [e,f].
Proof.
intros a b c d e f eql eq2.
apply trans_eq with (m:=[c,d]).
apply eql. apply eq2.
Qed.
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Juoboguooguod

MoreCoq.v
e apply UL U OOMD
@ apply ... with ... 0QOQO4ogd

@ inversion [ 00O OO0
o UIDOOUIDOUIOUOUOUOO

e UIOOIDOODOODOO

o UIUOUIOOOODO destruct OO
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OOoodbdnd

ogooodn:

0000000 (0000000 O0oooo0)
n:nat000 n=0000n=Sn 00 nOOO
00000000010 1000 (injective)

O00 nnmO000 Sn=Sm0O00 n=m
oddoobobooooddn

000 nO0000O#£Sn (00000000000
0o)
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0000000000000
e 00D0OD0OO0DO injectivity

o JUUULUDDUOOULLOLUOOUOLDLDLOO
oooobd

ogood
= 000000000 inversion U U 0O UOO
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inversion 0O O0O0O (1)

H:ca; ---a,=dby --- b,

P
| inversion H. (¢, d 0 0000)

H1:31=b1

H,: a, = b,

PP(PODODOO Hyy...,H,000000000O)
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inversion[ 00 O (1)

Theorem eq_add_S : forall (n m : nat),
Sn=8Sm->n=nm.

Theorem silly4 : forall (n m : nat),
[n] = [m] -> n = m.

Theorem silly5 : forall (n m o : nat),
[n,m] = [0,0] => [n] = [m].
 Jboboobooboboobobon

OD0O0O0OoOoDOoonog =)
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inversion (2)

H:ca; ---a,=dby --- b,

P
| inversion H. (¢, d 0 0000)
goduoboooobobobouoooon
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inversion[ 00 O (2)
00000000000000000!

Theorem silly6 : forall (n : nat),
Sn=0->2+2=25,

Theorem silly7 : forall (n m : nat)
false = true -> [n] = [m].
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inversion 0 O (3)

Theorem length_snoc’
forall (X : Type)
(v : X) (1 : 1list X) (n : nat),
length 1 = n -> length (snoc 1 v) = S n.
Proof.
intros X v 1. induction 1 as [| v’ 1°].
Case "1 = []J". (x OO *)
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Case "1 = v’ :: 1",
intros n eq. simpl. destruct n as [| n’].
SCase "n = 0".

inversion eq.
SCase "n = S n’".
apply eq_remove_S. apply IH1’.
(x OO eq OOOO 8 (length 17) OOODO *)
inversion eq. reflexivity.
Qed.
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injectivity [ [
Theorem f_equal : forall (A B : Type) (f: A —>
x=y >fx=1y.

o JOUOOLDODLDOUUOOOLLOOOLLDLDbOUOOO
ooouobogooooobood

o (OO inversion DO DODODODO)
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Juoboguooguod

MoreCoq.v

e apply UL U ULOD

@ apply ... with ... OUQgogg
inversion U 00 U OO U
Joodooooooooood
Jooooooood
JO0O0000000 destruct OO
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Jubggdbootdbootdbod

e simpl in OO HOOOOOOO

@ symmetry in OO H:a=bUO H:b=al
00

e apply L in OO HOODODOO LODOO
»H:P(n) O L:Vx,P(x) > Q(x) OO
»H:Q(n) 00O
ooooooooogl
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Jubogdootdbood

00000 (forward reasoning)

obtddobogoboooboobuoooobd
goooood

00000 (backward reasoning)

OO00d0O0{@oo)ioooooooooooooo
gad

o JUUOLDLODOOOOLODLODLObOUOOODODO

e Coq 000D (00D00OONDOOD)0OO0O
(0O000Ooooo)

e apply U UU0apply in HO DO O[O
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[]

Theorem S_inj : forall (n m : nat) (b : bool),
beq_nat (Sn) (Sm) =b ->
beg_nat n m = b.
Proof.
intros n m b H. simpl in H. apply H. Qed.
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[]

Theorem silly3’ : forall (n : nat),
(beq_nat n 5 = true ->
beq_nat (S (S n)) 7 = true) —>
true = beq_.nat n 5 ->
true = beq_nat (S (S n)) 7.
Proof.
intros n eq H.
symmetry in H. apply eq in H. symmetry in H.
apply H. Qed.
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Juoboguooguod

MoreCoq.v

e apply UL U ULOD

@ apply ... with ... OUQgogg
inversion U 00 U OO U
Joodooooooooood
Jooooooood
JO0O0000000 destruct OO
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bbb guod

e JO00DDODUO xOODODOP(x)DODODODOO
ogoon

e PUOUUUOUOUUOUOUOUOODDODDDOODLDDDDOO
Joooon

o (DDDUUUODDODDOUOUUDODODO)
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00000000000 (1/3)

Theorem double_injective_FAILED : forall n m,
double n = double m ->
n = m.
Proof.
intros n m. induction n as [| n’].

e IODODO P(n) O
double n = double m -> n = m[]

o JUUOUODOONO
~ P(0)
» Vn', P(n’) — P(S(n’))
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000D00D000oooo (2/3)
P(0) DO O

Case "n = 0".
simpl. intros eq. destruct m as [| m’].
SCase "m = 0". reflexivity.
SCase "m = S m’". inversion eq.

emUUOOOOOOOM =:S(nf) goooddd
o000 oodgoogd
[1 inversion [0 OK

e simpl 00D O0DODODOOOO(DDODODOOOONO)
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000D00D00D0oo (3/3)
vn', P(n') — P(S(n")) 00 OO

Case "'m =S n’".
intros eq. destruct m as [| m’].
SCase "m = 0". inversion eq.
SCase "'m = S m’". apply f_equal.

e IODODOOOVA,P(n) —P(S(n))0D0DOO
O000On, 000000000 P(n) 0 P(S(n'))
00000 double n’ = double m -> n’ = m [
Ogooodgggg

emII000OO0OOOOOm=000000000...
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1 subgoals, subgoal 1 (ID 580)

SCase := "m = S m’" : String.string
Case := "m = S n’" : String.string
n’ : nat
m’ : nat

IHn’ : double n’ = double (S m’) -> n’ = S m’
eq : double (S n’) = double (S m’)

o lHWM OODODO n’ =m> 0O0ODON7
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Jubogubogun

e PO mO0ODOUOOUI mOOODO(DOODOO
O000000)000 mOODOOOO

o IIDDOOODDO CoqUDIDDOOD:

»OnmI0000000000O000O00 n,m O
OO0O doublen =doublem OO0 n=m0QO0O
Jiddd n oot

e U UUO:

» double 0 =double m 000 0 =m [

» Jdouble k = double m OO0 k=m0
[0 double (S k) =doublem 000 Sk =

goooon
» 0000000000 (0OO0O0O00)!
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Juboguogd
000000000000 mOOOOO

[0 double k = double m 0 00 k = mQ
O0oo00ooooog

O double (S k) =double m OO0 S k=m0O
goboon

O00O0OPPm=50000000001")
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Jubogdootdbood

Theorem double_injective : forall n m,
double n = double m ->
n = m.
Proof.
intros n. induction n as [| n’].

e mUll intros UL U U induction U U O
e 0DODODO P(n) O

forall m, double n = double m -> n

m[]
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Case "n = 0".
simpl. intros m eq. destruct m as [| m’].
SCase "m = 0". reflexivity.
SCase "m = S m’". inversion eq.

oenUUUOUOOUOUOUOUOUNODO dintros m 00U
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Case "n =S n’". (x [0O1 %)

intros meq. (x OO m OJOOQOQOO %)

destruct m as [| m’].

SCase "m = 0". inversion eq.

SCase "'m = S m’".
apply f_equal. (x O 2 %)
apply IHn’. (* simpl in eq. *)
inversion eq. reflexivity. Qed.

e (0 1)00000000000000(YmOO)O
000000000000

e J0IDDOOD HW IO VmOOOOOO!
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(02)00000000...
1 subgoals, subgoal 1 (ID 663)

SCase := "m = S m’" : String.string
Case := "m = S n’" : String.string
n’ : nat
IHn’ : forall m : nat,

double n’ = double m -> n’
m’ : nat

eq : double (S n’) = double (S m’)

m

e J0IDDOIDDOUD mMOO M OOODODOOO

oooo
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HRN

o JUULOLDODOUOOOLDLDDLOUOOOLDLDDLDOO
oooobd

en mUUOUUUOUODUDO nOUOUoogy
oddUmiioobooooobooboooa
Ooooon

o JUOUOODLODDOUOOOLODLDDLOUOOOODDDOO
gooo...
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Jubogubogun

ooobobiidmioobooboogoooobibod
guooooboogd

Theorem double_injective : forall n m,
double n = double m ->
n = m.
Proof.
intros n m. induction m as [| n’].
(¥ intro OO0 induction m OO OOO! %)
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generalize dependent [ [J [0 00 [
000000000000000000000000

Theorem double_injective_take2 : forall n m,
double n = double m -> n = m.

Proof.
intros n m.
generalize dependent n.
000000 forall n, ... OOODODO %)
induction m as [| m’].
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Juboguogd
0000 POOOOOOOOO!

OO 0o0dodtd nomdodd

doublen =doublem OO0 n=m04dQO0

O0: n000000000O0000O00 mOOOO
doublen =doublem OOO n=mO00000O0O0O

oen=0000: 0000 mQOOOO
double 0 =double m OO0 0=mO0000
HRERE
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en=S 00000000000 mOODOO
double "’ =double m OO0 n =mO0000
ERERN
Oo0ooood mOdogg
double (Sn’) =doublem OO0 (Sn)=mO0O
oooogn
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Juoboguooguod

MoreCoq.v

e apply UL U ULOD

@ apply ... with ... OUQgogg
inversion U 00 U OO U
Joodooooooooood
Jooooooood
JO00000000 destruct O0OO
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o destruct 10 000000000000 O0O00OO0
. (00000000000000000000
0o)
e 10000000O0O000OO0O

Definition sillyfun (n : nat) : bool :=
if beq_nat n 3 then false
else if beq_nat n 5 then false
else false.

Theorem sillyfun_false : forall (n : nat),
sillyfun n = false.
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@ebeqnat 000 (nO30000050000)00
oooobd
>0 50000000000n>6000000
I A I I I

Proof.
intros n. unfold sillyfun.
destruct (beg_nat n 3).
Case "beq_nat n 3 = true". reflexivity.
Case "beg_nat n 3 = false".
destruct (beq_nat n 5).
SCase "beq_nat n 5 = true". reflexivity.
SCase "beq_nat n 5 = false". reflexivity.
Qed.
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HEEpN

Definition sillyfunl (n : nat) : bool :=
if beq_nat n 3 then true
else if beq_nat n 5 then true
else false.

Theorem sillyfunl_odd : forall (n : nat),
sillyfunl n = true —->
oddb n = true.

o sillyfun1 U UODNDUUOOOLUODOOOOOO
0od
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Proof.
intros n eq. unfold sillyfunl in eq.
(* eq : (if beq_nat n 3 then ...) = true

oddb n = true *)
destruct (beg_nat n 3).

Case '"beq_nat n 3 = true".
(x eq : true = true 000000 O0O0O

oddb n = true *)

@ beg_nat n 3 = true JUOOU
beq_nat n 3 = false UUOUOUOOOOOOOOO
O00O0O0O beqnat n 3 = trueJ0Oooggt
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destruct eqn: U U U ULHL
0000000000000000000000

Proof.
intros n eq. unfold sillyfunl in eq.
(x eq : (if beq_nat n 3 then ...) = true

oddb n = true *)
destruct (beq_nat n 3) eqn:Heqge3.
(* Hege3 : beq_nat n 3 = true

eq : true = true (x JOOOOO =)

oddb n = true *)
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OOOOHeqe3 U n=300000

Case "e3 =true".

apply beq_nat_eq in Heqe3.

(x Heqe3 : n =3 OO0 x*)

rewrite -> Heqe3. (xn=3000 %)
reflexivity.

eed=false000O0OODOODO
destruct beq_nat n 5 eqn:Heqeb.
ooooo
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000 12/30010:30 00

@ Exercise: silly_ex (2), sillyexl (1), sillyex2
(2), plus_n_n_injective (3), beq_nat_true (2),
gen_dep_practice (3), override_shadow (1),
destruct_eqn_practice (2)

o JUUUOUDDOMN MoreCoq.v UL D DDMOMO
Jogoobobboboooobobbboood

o JUULDLODOUOOONO:

» D00 oooobooboooooboobbooga
Oo0000000000ooD(@ooooooon
0o0)

» Jo0oooogoboobboooboboobogd
O(webOD)ODOODOOODOOOOODO
(URLO O)O
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