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Inductive natprod : Type :=
pair : nat - nat - natprod.

o JUULULDODUOOLODLDOOO

e pair: JUUUUDUDLDUONO natprod U 1L
» product ... (0O 0)0D0OOCOO
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Definition fst (p : natprod) : nat :=
match p with
| pair x y =>x (x JOOOODOOO! %)
end.

Definition snd (p : natprod) : nat :=
match p with
| pair x y => y
end.

e fst ... 0O OO (first projection)
@ snd ... 0000 (second projection)
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NotationU LU OOy

Notation "( x , y )" := (pair x y).

Definition fst’ (p : natprod) : nat :=
match p with

| (x,y) =>x 00000000070 %)
end.

Definition swap_pair (p : natprod) : natprod :=
match p with
I (x,y) => (y,%)
end.
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(1 O : Surjectivity of pairing
Oodoodooootootoooooooooouon
(D0ODDODODODOODODODOODODODODODOODOODO)

CoqOOOOOOO1
Theorem surjective_pairing’
forall (n m : nat),
(n,m) = (fst (n,m), snd (n,m)).
Proof. reflexivity. Qed.
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0o 2
Theorem surjective_pairing :

forall (p : natprod), p = (fst p, snd p).
Proof.

intros p. destruct p as [n m]. reflexivity.
Qed.

e JDUIUODODDOUODODODOO
» natprod J OO DODOO0O (n,m) DOOOO
e JDUIUDUODUDNO introODOODDOO
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Inductive natlist : Type :=
| nil : natlist
| cons : nat -> natlist -> natlist.

(00O0)0000000;
e 00D (ri1))00OODOODO

o UUUnUUOUOUOLOLOD 10OLODLOUOOODOO
(cons n 1))0O0O00OO0O0O

ooooooooooooo!
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econsUOODOOODDUOOODDO n:: |
o UOODDOUUDDO [n, m, ...]
» v OO0ooooooooobon

OO000000O00O000O0o0oon:
Definition mylistl := 1 :: (2 :: (3 :: nil)).

Definition mylist2 := 1 :: 2 :: 3 :: nil.
Definition mylist3 := [1,2,3].
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0000000 (1): repeat
n count OO OOOOO

Fixpoint repeat (n count : nat) : natlist :=
match count with

| 0 => nil
| S count’ => n :: (repeat n count’)
end.

ao:

(define (repeat n count)
(if (= count 0) ’Q)
(cons n (repeat n (- n 1)))))
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0000000 (2): length
00o000:

Fixpoint length (1l:natlist) : nat :=
match 1 with

| nil => 0
| h :: t => S (length t)
end.

HRER

(define (length 1)
(if (null? 1) O
(+ 1 (length (cdr 1)))))
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0000000 (3): app(end)
000000

Fixpoint app (11 12 : natlist) : natlist :=
match 11 with

| nil => 12
| h :: t =>h :: (app t 12)
end.

ao:

(define (append 11 12)
(if (null? 11) 12
(cons (car 11) (append (cdr 11) 12))))
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app 11 120 (0 00O)0000: 11 ++ 12

Example test_appl: [1,2,3] ++ [4] = [1,2,3,4].
Example test_app2: nil ++ [4,5] = [4,5].
Example test_app3: [1,2,3] ++ nil = [1,2,3].
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0000000 (4): hd, t

Definition hd (default:nat) (l:natlist) : nat :
match 1 with
| nil => default
| h :: t =>nh
end.
Definition tl (l:natlist) : natlist :=
match 1 with
| nil => nil
| h :: t =t
end.

e 000 nil0000000O0000OO0OD0 (OO
00 nil) 000
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ot vstd

Inductive natlist : Type :=

| nil : natlist

| cons : nat -> natlist -> natlist.
0
Inductive nat : Type :=

| 0 : nat

| S : nat -> nat.

e JO0DDDOUIOD(DODO)DDODOO!
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Fixpoint app (11 12 : natlist) : natlist :=
match 11 with

| nil => 12
| cons h t => cons h (app t 12)
end.

O
Fixpoint plus (n m : nat) : nat :=
match n with
| 0 =>m
| S n’ =>S (plus n’ m)
end.
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Theorem nil_app : forall l:natlist,
[J ++1=1.

Proof.
reflexivity. Qed.

guoouobodooobbougoobbbod

Theorem app_nil_end : forall l:natlist,
1 ++ [] =1.
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Theorem tl_length_pred : forall l:natlist,
pred (length 1) = length (tail 1).
Proof.
intros 1. destruct 1 as [| n 1’].
Case "1 = nil".

reflexivity.
Case "l = cons n 1°".
simpl.

reflexivity. Qed.

o introUUIUIU 1=n::1> 0000000
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0000000 10000 PDODOOOOOO

e P(nil) O D

e JIIUOO nOOODOVOODODO P()OOO
P(n::I')

000000000000P(n::¥)00000000
000000000 POOOOOOOOO (0OO
P(')) 0000000

e P(V) DO OO OOOOO (induction hypothesis, IH)
Ood
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Jubgtd: gbotguod
P(n) 0000000000000000000

ooooogon

0000000 nO0O0O00 P(M)OOOOOOO
e P(0) OO

o D0D0DD W OOOD P()0D0 P(S ')

00000000000 OoP(Sn)000O00O0O0

0000000 POOOOOOOOO (DOO P(n))

goooood

e P(n) 00 OODOOOOO (induction hypothesis, 1H)
oad
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Theorem app_ass : forall 11 12 13 : natlist,
(11 ++ 12) ++ 13 = 11 ++ (12 ++ 13).
Proof.
intros 11 12 13. induction 11 as [| n 11°].
Case "1l1 = nil".
reflexivity.
Case "11 = cons n 11°".
simpl. rewrite -> IH11’. reflexivity.
Qed.

o lIUODDUOODDOUUODDOOODO!
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app U OO UUOOUoggn

O0: 000 1m,12,130000

11 ++ (12 ++ 13) = (11 ++ 12) ++ 13 000

O0: Noodoooood
o ll=[10000

0 ++ (12 ++ 13) = ([1 ++ 12) ++ 13

pooobooooouod +~+oooooogog

0ooo o (oooo) 00000 (00 3)
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e ll=n::10000
117 ++ (12 ++ 13) = (117 ++ 12) ++ 13
ooon
(n::11) ++ (12 ++ 13) = ((n::11") ++ 12) ++ I3
0000000000+ 000000000
n:: (11" ++ (12 ++ 13)) = n::((11" ++ 12) ++ 13)

O000000000O0OoOoOoOoOoOoOoOo(@Oon)
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O0:1go0o0ooooooon
ol=[000:
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Theorem app_length : forall 11 12 : natlist,
length (11 ++ 12) = (length 11) + (length 12)
Proof.
intros 11 12. induction 11 as [| n 11°].
Case "1l1 = nil".
reflexivity.
Case "1l1 = cons n 11°".
simpl. rewrite -> IH11’. reflexivity.
Qed.
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(x cons JOODOOODODODOOOOO snoc *)
Fixpoint snoc (l:natlist) (v:nat) : natlist :=
match 1 with

| nil => [v]
| h :: t = h :: (snoc t v)
end.

Fixpoint rev (l:natlist) : natlist :=
match 1 with
| nil => nil
| h :: t => snoc (rev t) h
end.
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Theorem rev_length_firsttry :
forall 1 : natlist,
length (rev 1) = length 1.

Proof.
intros 1. induction 1 as [| n 1°’].
Case "1 = []".
reflexivity.
Case "l =n :: 1°".
simpl.

« DOooooooo:
length (snoc (rev 1’) n) = S (length 1’) *)

e 100 (revdD0OOMO)snoc DO0OODODOODOO
oool
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snoc [l 1000100 L0T ...

Theorem length_snoc :
forall (n : nat) (1 : natlist),
length (snoc 1 n) = S (length 1).
Proof.
intros n 1. induction 1 as [| n’ 1°’].
Case "1 = nil".
reflexivity.
Case "1 = cons n’ 1°".
simpl. rewrite -> IH1’. reflexivity.
Qed.
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Theorem rev_length : forall 1 : natlist,
length (rev 1) = length 1.
Proof.
intros 1. induction 1 as [| n 1°].
Case "1 = nil".
reflexivity.
Case "1 = cons".
simpl. rewrite -> length_snoc.
rewrite -> IH1’. reflexivity. Qed.
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O0. 000 n0O 1000
length (snoc I n) = S(length I) OO OO

OO0:10g0ooogood
o l=[] 0000

length (snoc [1 n) = S(length [1)

O00o0o0oooooodd length,snoc OO 00O
o000

000 0 (0000) 0o0ooo (0o 3) November 5, 2013 34 / 45



ol=rn"::0O0O0OO
length (snoc I’ n) = S(length I')
ooogod
length (snoc (n’::I') n) = S(length (n’: :I')

O00000000O0Olength,snoc 000000
00

S(length (snoc I' n) = S(S(length I'))

0000000000000000000000(0
0o)
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O0: 000000 1000
length (rev I) = length |
OO0: 1000000000
ol=[10000

length (rev [1) = length []

O0Doooo0ooOoOo0oo0o00d rev,length DO OO
goooo
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o l=n::000OO0OIlength (rev ') = length I’ O
HRERN

length (rev (n::l')) = length (n::I')

OO00D0D00000Orevylength OO0 O00OO
OO

length (snoc (rev I') n) = S (length I)
Dogooooooooood
S (length (rev I')) = S (length I')

oooobbooooooobooood
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goboboddoooooooddd

Oo0.00o00oo oo
length (rev I) = length |

ERERN
length (snoc I n) =S (length I)

000 (000 l0o000000o0oo00O)oooooo
O0000OooOoIioDbooobooobobooon
0000 I=n::O00000000O00ODOOOCOO
goooobbooodan

goduobboooouobogooooobod
goobobbgoooooboogoooob g
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O 0O0O0MO: SearchAbout

o lIUDDUUODDOOUOUDDUUDDbObOOOD!

@ SearchAbout foo UUOUOUO fooUUDOOOOO
Oodgooogo!

@ proofgeneral U0 C-c C-a C-a
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Inductive natoption : Type :=
| Some : nat -> natoption
| None : natoption.

@ Some 5
@ Some 42
@ None
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U000 n0DO00O0O0O00DODOO index
enUUOOOOOOOODOOOOOO

Fixpoint index_bad (n:nat) (l:natlist) : nat :=
match 1 with
| nil => 42 (% arbitrary! *)
| a :: 1” => match beq_nat n 0 with
| true => a
| false => index_bad (pred n) 1’
end

end.
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o UUIUUUUDLOUNOO Some
e UIUOUUDOUUDOUOUUOUDOOO None

Fixpoint index (n:nat) (1:natlist)

: natoption :=

match 1 with

| nil => None

| a :: 1’ => match beq_nat n 0 with
| true => Some a
| false => index (pred n) 1’
end

end.
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(I : if-then—else

| a :: 1’ => if beg_nat n 0 then Some a
q
else index (pred n) 1’

e Ul bool UIDOIDDDODOUODODDOODOO
inductive type D O OO OO DOO!
> 0O0onooood
» 0000000000000 then 0000000 elsel

o JUULUDLDOUOOOLULDLUOUOOWO
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@ Exercise: fst_swap_is_snd (1), list_funs (2),
list_exercises (3), hd_opt (2), beq_natlist (2)
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